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ABSTRACT

This thesis studies quantum circuit compilation, a subject concerned with reducing
the resources required to implement a quantum computation. We investigate this
task through the ZX-calculus and machine learning, focusing on reducing parameter
count in parametrised circuits and entangling-gate count in CNOT and Clifford
circuits.

We begin by studying parameter optimisation in parametrised quantum circuits
(PQCs) with the ZX-calculus. For circuits built from Clifford gates and adjustable
single-qubit phase gates, with each parameter used only once, we prove that the
phase teleportation algorithm implemented in PyZX minimises parameter count
among affine parsimonious reductions. This result extends to measurement-based
computations with gflow and distinct measurement parameters. We also show that
the assumptions made in our theorems are important by proving that parameter
optimisation becomes NP-hard when they are relaxed to allow fixed T gates or
repeated parameters in post-selected Clifford circuits.

We then study ZX rewriting as sequence-to-sequence translation. We train
encoder—decoder Transformers to learn diagram simplifications from examples gen-
erated by PyZX’s full reduce routine, without supplying the models with rewrite
rules or the diagrams’ underlying semantics. The model achieves 96.4% accuracy on
held-out ten-qubit Clifford circuits of depth 15, either producing exactly the same
diagram as the target diagram or an even smaller alternative. This suggests that
Transformers can capture stabiliser structure and learn complex graph transforma-
tions from examples alone. However, the accuracy deteriorates as the sequence length
increases, exposing limitations in generalisation to larger quantum circuits.

This led us to reinforcement learning (RL) for CNOT and Clifford synthesis
within a structured framework that preserves circuit semantics. Formulating the
synthesis problems as games on matrix groups, we develop permutation-equivariant,
size-agnostic neural network policies. We train these policies without examples of
optimal circuits using a novel two-dimensional curriculum that varies qubit count and
circuit difficulty. A single model for each synthesis problem accepts circuits of varying
size and depth. On benchmarks with known optimal solutions, our circuits have an
average entangling-gate count less than one gate above the optimum. The policies
also transfer to 30-qubit random-walk targets without retraining and outperform
existing baselines.

This work shows that combining machine learning with diagrammatic techniques
can push the frontier of quantum computation, uncovering new mathematical results

and enabling new tools.
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Abbreviations and model names

Selected abbreviations and models used in the contribution chapters. Links [§]

lead to definitions and explanations.

Abbreviation Meaning
AP Affine with phases: a representation of stabiliser states using affine
binary constraints and a phase polynomial 8]
GSLC Graph state with local Cliffords: one |+) qubit per vertex, CZ
gates along the edges, then single-qubit Clifford gates 8]
MBQC Measurement-based quantum computation 8]
MDP Markov decision process: a mathematical framework for sequential
decision-making, defined by states, actions, transitions, and
rewards [§]
pPCC Parametrised Clifford circuit: Clifford gates and variable Z
rotations, with each parameter used once §]
PMH Patel-Markov—Hayes: CNOT synthesis with asymptotically
optimal worst-case gate count 8]
PPO Proximal policy optimisation: a standard policy-gradient RL
algorithm 8]
PQC Parametrised quantum circuit §]
RL Reinforcement learning: an agent learns by interacting with an
environment to maximise cumulative reward 8]
Model Meaning
BiRel A neural policy for CNOT synthesis with separate representations
of each qubit’s control and target roles 8]
RelGNN Relational graph neural network: a policy for Clifford synthesis
using message passing between qubits 8]
RelTransformer Relation-aware Transformer: a policy for Clifford synthesis using

attention informed by relations between qubits 8]




Terminology and notation

Selected concepts and symbols used in the contribution chapters. Links [§] lead

to definitions and explanations.

Concept Meaning

Parsimonious Affine reduction in which each input parameter affects at most one
output angle. Parameters may combine, but are not copied to
multiple outputs 8]

Permutation- Changing the qubit labels changes the policy’s gate labels in the

equivariant same way, preserving their probabilities 8]

Phase teleportation An algorithm that simplifies phases on a copy of the ZX-diagram,
then transfers the resulting angles back to the original circuit

without changing its connectivity or non-phase gates 8]
Size-agnostic An architecture that accepts different qubit counts without
retraining [§]
Notation Meaning
Dia] Diagram evaluated at phase-parameter values & 8]
Ma+¢c New angles formed from integer-weighted sums of input angles
plus fixed offsets, modulo 27 8]
0's Equality up to multiplication by a non-zero scalar 8]
pe(y | @) Transformer probability of output ¥ given input x 8]
GL(n, ) Invertible binary n x n matrices representing CNOT circuits;
arithmetic is modulo two 8]
Sp(2n,TF,) Binary symplectic matrices representing Clifford operations with
Pauli signs omitted 8]
My, Tableau matrix and sign bits recording how Clifford U transforms
the Pauli generators 8]
Pa RL training distribution: n qubits, mean walk length d 8]
o (G | M) Policy probability of gate G at matrix M on n qubits §]
V(M) Value-network estimate of future reward from M, with later
rewards given less weight §]




INTRODUCTION

CHAPTER I

Introduction

The extended Church—Turing thesis states that every physically reasonable model
of computation can be simulated efficiently by a probabilistic Turing machine.
Quantum computation challenges this claim: by exploiting the laws of quantum
mechanics, quantum algorithms offer efficient solutions to problems for which no
efficient classical algorithms are known [5]. A prominent example is Shor’s algorithm,
which factors integers in polynomial time [6].

The promise of solving hard computational problems motivates the development
of quantum computers. Progress towards this goal comes from two directions:
researchers are building larger and more reliable quantum computers, while improved
algorithms and implementations are reducing the resources required to solve useful
problems. For example, the estimated number of physical qubits required to factor
a 2048-bit integer has fallen from 20 million [7] to fewer than one million, with an
estimated runtime of less than a week [8]. Closing the gap between these resource
requirements and available hardware would make such computations possible, open-
ing the way to practical quantum advantage.

Quantum algorithms are commonly expressed in the circuit model, where
elementary gates act on qubits and measurements produce classical outcomes. In
general, a quantum algorithm can be implemented by many equivalent circuits with
substantially different gate counts, depths and resource requirements. Since physical
operations are imperfect, each gate or measurement creates another opportunity for
error [9]. Quantum circuit compilation seeks more efficient implementations, helping
close the gap between the resources an algorithm requires and what a quantum
computer can provide.

There is, however, a tension at the heart of quantum compilation: it enables us
to solve hard computational problems with fewer resources, but doing so requires us
to tackle hard optimisation problems in the compilation process itself. Indeed, even
basic quantum circuit optimisation problems have been shown to be NP-hard [10].
Researchers therefore translate circuit optimisation into known algebraic problems,
borrowing techniques from group theory, tensor decomposition and classical error-

correcting codes. Viewing quantum compilation through the lens of these algebraic
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structures can yield efficient algorithms for specific circuit families and help us
understand the computational difficulty of the underlying optimisation problems.

The ZX-calculus grew out of a similar effort to understand quantum computation
through its algebraic structure. It refines the diagrammatic language of categorical
quantum mechanics by building diagrams from two complementary observables, Z
and X, whose interaction obeys bialgebra and Hopf laws familiar from the study of
quantum groups [11]. These algebraic relationships are expressed as graphical rewrite
rules, allowing us to reason about quantum computations through the manipulation
of diagrams. This exposes structure that can be difficult to see in ordinary circuit
notation and provides tools for developing compilation algorithms.

Rewriting a ZX-diagram preserves its meaning. This property is called soundness:
each rewrite preserves the linear map represented by the diagram. A sequence of
rewrites therefore provides a certificate of equality between two diagrams, which can
be verified by checking each step. Figure 1 illustrates how such rewrites expose circuit
structure: a graph-like ZX-diagram can be viewed as a single instantaneous quantum
polynomial (IQP) layer, consisting of commuting Z rotations and controlled-Z gates,
followed by postselections. This circuit is an instance of a parametrised quantum
circuit (PQC).
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Figure 1: A graph-like ZX-diagram rewritten as a postselected IQP circuit.

The converse of soundness, completeness, guarantees that any two diagrams repre-
senting the same linear map can be related by a sequence of rewrites. Complete

axiomatisations of the ZX-calculus are known, including for diagrams with arbitrary
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INTRODUCTION

phases [12]. This guarantees that a derivation exists, but does not tell us how to
find one efficiently: the number of possible rewrite sequences grows rapidly with
sequence length.

This motivates us to ask whether neural networks can learn the structure of ZX-
diagrams and use it to guide simplification. Neural networks have already proved
useful in recognising structure in other domains: AlphaFold predicts protein struc-
tures from amino-acid sequences [13], while applications in pure mathematics have
revealed relationships in knot theory and representation theory that helped guide
new conjectures and proofs [14].

Existing quantum compilation methods exploit circuit structure through increas-
ingly sophisticated hand-crafted heuristics, as surveyed in Section 6.3. A natural next
step is to ask whether learning and search can discover and improve these strategies
automatically. In The Bitter Lesson, Sutton [15] argues that general methods such
as learning and search are particularly effective at exploiting the growing computa-
tional resources made available by Moore’s law and the falling cost of computation.
As computational resources dedicated to quantum computing continue to grow,
our ambition is to use learning and search to develop compilation strategies that
outperform hand-crafted heuristics.

Reinforcement learning (RL) allows us to combine learning and search: an agent
explores sequences of decisions, learns from the rewards they produce, and uses
this experience to guide further exploration. Learning improves the search strategy,
while search supplies new experience from which to learn. RL combined with search
has achieved superhuman performance in games such as chess, Go, and shogi, as
demonstrated by AlphaZero [16]. AlphaTensor-Quantum provides a direct precedent
for applying this approach to quantum compilation: it formulates T-count optimi-

sation as a single-player tensor-decomposition game and learns strategies using deep
RL [17].

1.1 THESIS OVERVIEW AND CONTRIBUTIONS

The contributions of this thesis can be organised around PyZX, a software library
for compiling quantum circuits and simplifying ZX-diagrams [18] (see Figure 2).
Three of its central compilation routines are full reduce, extract circuit, and
teleport reduce. The first simplifies a circuit’s ZX-diagram, and the second extracts
a circuit from the result [19]. The third simplifies phases while preserving the original

circuit structure [20].

11
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Circuit extraction Equivariant Reinforcement Learning for
Matrix-Group Circuit Synthesis

Figure 2: The contributions of this thesis within the PyZX compilation pipeline.

The full reduce procedure simplifies the Clifford structure of a ZX-diagram and
fuses or cancels compatible non-Clifford phases [20]. This produces a reduced
graphical skeleton, illustrated in the middle panel of Figure 2. The extract circuit
routine then constructs an equivalent circuit from this skeleton, with its extraction
strategy determining how the remaining structure is realised as gates.

The teleport reduce procedure uses phase teleportation to transfer these phase
simplifications back to the original circuit. It runs full reduce on a copy of the
diagram, tracks how phases combine, and updates the corresponding angles in the
original circuit. This preserves the circuit’s connectivity and non-phase gates while
allowing phase gates to fuse or cancel, avoiding the need to call extract_circuit [20].

The two background chapters provide the foundations for the research contribu-

tions that follow. Chapter 2 introduces the circuit families and compilation problems

12



studied in this thesis, while Chapter 3 develops the ZX-calculus and the core rewrite
procedures underlying PyZX’s simplification algorithms.

In Chapter 4, we prove that, among affine parsimonious reductions, PyZX’s
teleport reduce procedure minimises the parameter count for parametrised Clifford
circuits in which each parameter occurs once. We establish the parametrised Clifford
completeness result needed for this proof and extend the optimality result to unitary
measurement-based computations with gflow and distinct measurement parameters.
We also show why these restrictions matter: parameter optimisation becomes NP-
hard when the discrete gate set includes T' gates, or when parameters may repeat in
post-selected Clifford circuits.

In Chapter 5, we show that Transformers can learn full reduce from input—
output examples alone, without rewrite rules or intermediate steps. On held-out
ten-qubit Clifford circuits of depth 15, 96.4% of predictions are valid, equivalent to
the input, and no larger than the corresponding PyZX full reduce output. The
models also produce verified reductions for CNOT and Clifford+7 circuits, but
their performance declines on circuits deeper than those used for training [2]. This
establishes both the feasibility of learning graphical reduction from examples and a
limitation of the sequence-to-sequence approach.

In Chapter 6, we study the synthesis problems underlying circuit-extraction
routines such as extract circuit. After formulating CNOT and Clifford synthesis as
matrix-group reduction games, we introduce permutation-equivariant, size-agnostic
policy architectures and a novel two-dimensional curriculum that varies both qubit
count and circuit difficulty. Together, these let us train a single policy for each
synthesis task and reuse it across qubit counts, without examples of optimal circuits.
We achieve near-optimal performance, with entangling-gate counts within one gate
of the minimum on average for benchmarks where optimal solutions are known.
The CNOT and Clifford policies also generalise to larger circuits and consistently

outperform the existing scalable baselines [3, 4].

13



ALGEBRAIC STRUCTURE IN QUANTUM CIRCUIT COMPILATION

CHAPTER II

Algebraic Structure in Quantum
Circuit Compilation

Quantum mechanics provides a mathematical framework for describing physical
systems and predicting the outcomes of measurements. For example, it captures
the behaviour of atoms and photons, including phenomena such as superposition
and entanglement that depart from classical intuition. Quantum computing and
quantum information theory investigate how these properties can be used to process
information.

This chapter introduces quantum compilation, which aims to reduce the cost of
executing programs on a quantum computer while preserving their behaviour. We
begin with the elements of quantum theory needed to describe quantum circuits,
followed by circuit notation and elementary gates. We then introduce circuit rewrit-
ing and synthesis, developing the algebraic representations, circuit identities and
completeness results for the circuit families studied in this thesis. For CNOT and
Clifford synthesis, we present constructive algorithms and counting lower bounds
that establish their optimal worst-case scaling, with detailed proofs in Appendix A.
Finally, we discuss how hardware connectivity and ancillary qubits affect compila-
tion, and specify the synthesis setting used in Chapter 6.

2.1 ELEMENTS OF QUANTUM THEORY

2.1.1  Quantum states

A qubit represents a two-level quantum system, such as two energy levels of an
atom or two orthogonal polarisation states of a photon. In this thesis, we describe
the full system of qubits by a pure state, assuming no interaction with an external
environment. A single-qubit state is represented by a unit vector in C2, called its

state vector. The computational-basis states are

=) m=(3): )

14



ALGEBRAIC STRUCTURE IN QUANTUM CIRCUIT COMPILATION

For two systems A and B, called subsystems of the combined system, their joint
state space is the tensor product 7 4 ® Hp, in which states |¢) 4, and |¢) 5 define the

product state |¥) 4 ® |¢) 5-
Dimensions multiply under tensor products, so an n-qubit system has the 2™-

dimensional state space H,, = ((C2)®n, with computational basis
|z) =|z,) ®...® |z,), x€{0,1}".

We abbreviate |z,) ® |xy) as |z,x4), keeping the order of the subsystems fixed. The
tensor product is linear in each argument. For example, the product of the single-
qubit states a|0) + B]1) and v|0) 4+ §|1) expands as

(a]0) + 61)) ® (7]0) + 6]1)) = ay|00) + a6[01) + B~[10) + B4[11).

General joint states are superpositions of these basis vectors. An n-qubit state has

the form

W= D ala), Y lal =1, (2)

ze{0,1}™

where the complex coefficients «,, are amplitudes. Pure states that are not product
states are entangled. The Bell state |®T) = %

Figure 3 shows its preparation.

is an entangled two-qubit state;

2.1.2  Unitary evolution

A closed quantum system evolves reversibly, with its evolution described by a

unitary operator U taking |¢) to Uly). An operator U is unitary when
Ut =UUT =1, (3)

where the adjoint U' is the conjugate transpose of U and, by this condition, its
inverse.
Taking the adjoint of a state vector gives the corresponding bra, [¢) = (3].

Unitarity also preserves inner products:

Ule) (U)) = (LlUTU [4) = (pl4). (4)

Taking ¢ = 1 shows that normalisation is preserved as well.
Operations on separate subsystems combine by tensor product. If U acts on A

and V on B, their joint action is

U V)([9) ® ) = (UlY)) ® (V]p))-

In a product basis, U ® V is represented by the Kronecker product of the two

matrices. It is unitary and acts on general joint states by linearity.

15



ALGEBRAIC STRUCTURE IN QUANTUM CIRCUIT COMPILATION

2.1.3 Measurement

Measurement produces a classical outcome from a quantum system and generally
loses information about its original state, so its effect cannot be reversed. In our
finite-dimensional qubit setting, these outcomes are discrete: measuring a spin—%
particle along a chosen axis, for example, gives spin up or spin down.

An observable describes the quantity being measured and is represented by a

Hermitian operator A, satisfying A = Af, with spectral decomposition

A=Y all, (5)

where the distinct eigenvalues a are the possible outcomes and II, projects onto the
corresponding eigenspace. The projectors are mutually orthogonal and sum to the

identity. For a normalised state |¢), the Born rule gives
p(a) = (Y[, [). (6)

An eigenstate therefore yields its eigenvalue with certainty. Other states generally
give probabilistic outcomes. Conditional on obtaining outcome a, an ideal projective

measurement leaves the state [21]

[%a) =

, pla) >0. (7)

This projection and normalisation is called state collapse. The state now lies in the
eigenspace for outcome a, so repeating the same projective measurement with no
intervening evolution gives the same outcome with certainty.

For a one-dimensional eigenspace, II, = |a)(a|, so the outcome probability is
|(a]h)|? and the resulting state is |a) up to global phase. In particular, computational-
basis measurement of the state in Equation 2 returns = with probability |0z96|2 and
leaves the state |z). Multiplying the state by a global phase ¢?, with 6 € R, leaves

all measurement probabilities unchanged. For a one-dimensional eigenspace,

al (e[9))]” = | (al)|” = |{alw)[?.

The three observables used throughout this thesis are the Pauli operators, repre-

sented by the matrices

o T R

The Pauli operators have eigenvalues +1 and —1. In the spin example, these label
spin up and spin down: the physical spin observable is (g)Z , with outcomes +%
and —g, where # is the reduced Planck constant. The Pauli eigenbases, ordered by

outcomes (41, —1), are

16



ALGEBRAIC STRUCTURE IN QUANTUM CIRCUIT COMPILATION

BZ = {|0>7 |1>}7 BX = {|+>v |_>}7 BY = {|+’L>, |_i>}v (9)
where

0) £ 1)

10) £4[1)
7 :

+) = 7

) =

2.2 QUANTUM CIRCUITS

A unitary quantum circuit describes a computation as a sequence of unitary
operations, called gates, acting on qubits. Each horizontal wire represents a qubit,
and the circuit is read from left to right. Labels at the left specify the input state. A
box on a wire denotes a single-qubit gate. Gates acting on multiple qubits connect
the corresponding wires.

The gate count is the number of gates in a circuit. Its depth is the fewest time
steps needed to run the circuit, counting each gate as one step and allowing gates
on disjoint qubits to run in parallel.

For example, Figure 3 prepares the Bell state |®*) from |00) using a Hadamard
gate H followed by a controlled-NOT (CNOT) gate. The state-vector evolution is

shown below the circuit.

|

0)

|0) ————D—

(H ® D)|00) = [+) ® [o) = 22T 10

V2
CNOT(H ® I)|00) = % = |3+).

Figure 3: Preparation of the Bell state and the corresponding state-vector calculation.

Note that circuits are read from left to right, whereas the rightmost operator in a

matrix product acts first: gates Gy, ..., G,, implement U, = G,,,...G;. A gate on one

m
wire acts as the identity on the others, as H ® I illustrates.

Two circuits are equivalent when they implement the same unitary, U, = Up, and
equivalent up to global phase when Uy = e*?Up, for some ¢ € R. We specify which

convention applies when the distinction matters.
2.2.1 FElementary gates

We now introduce the elementary gates used throughout the thesis, together with

their matrix representations and circuit symbols.

17



ALGEBRAIC STRUCTURE IN QUANTUM CIRCUIT COMPILATION

The Pauli operators in Equation 8 are unitary and can therefore act as gates. X
flips the computational-basis bit, while Z introduces a relative phase of m between
|0) and |1):

Xlz) =z 1), Zlz)=(-1)"), (10)

where @ denotes addition modulo two. Since Y =iXZ, a Z gate followed by an X
gate implements Y up to global phase.

The identity gate I leaves its input unchanged.
Other standard single-qubit gates include the Hadamard H, the phase gate S, the
T gate and the parametrised phase gate R,(6), with 0 € R:

o= 5[ alin
s = o
T = (1) e?z] —T
Ry0) = [o 2]

In particular, the diagonal gates S, T and Z are special cases of R,(6):

R,y (0)|z) = ¥%|z), S = Rz(g>, T = RZ(%), Z=Ryx). (11

The Hadamard exchanges the computational and X bases:
H|0) =[+), H|1)=|-). (12)

The S gate maps |+) to |+4). Its inverse is ST = R;(—Z), while TT = R, (—%). The
Hadamard and Pauli gates are self-inverse.
2.2.1.1 Controlled gates and swaps

Controlled gates apply an operation to one qubit depending on the state of

another. For a single-qubit unitary U, the controlled operation applies U when the

control qubit is [1) and the identity when it is |0):
CU)=0)0I+1)(1|xU. (13)

In circuit diagrams, a dot on the control wire is connected to the gate on the target
wire.

Controlled-NOT (also denoted CX) applies X to its target, while controlled-Z
(CZ) applies Z:

18



ALGEBRAIC STRUCTURE IN QUANTUM CIRCUIT COMPILATION

CNOT =

o O O l—\l
O O = O
= O O O
=N e}

_E
—

CZ =

IR

1T
(= ool
o O~ O

-1

For computational-basis bits x,y € [F,, with the first qubit controlling the second,
CNOT|z,y) = |z,z®y), CZlz,y)=(-1)"|z,y). (14)

CZ is symmetric in its two qubits and is drawn with two connected filled dots. The
identity CZ = (I ® H) CNOT(I ® H) relates the two gates exactly.

The SWAP gate exchanges two qubits, while Toffoli (also denoted CCX) flips its
target only when both controls are |1):

SWAP|z,y) = |y, z), (15)
Toffoli|z,y, 2) = [z,y, 2 ® (zy)). (16)
_"_
T ——
_Ea_
SWAP
Tofloli

Both are self-inverse. Writing CNOT, , for a CNOT with control a and target b,
SWAP decomposes as CNOT; , CNOT, ; CNOT) ,.

Controlled phase gates apply a phase only when every participating bit is one. The
singly and doubly controlled versions of R, (6) are denoted CR,(6) and CCR,(0):

CRz(0)|z,y) = €|z, y), (17)
CCRy(9)|z,y,z) = €|z, y, 2). (18)

They are drawn as a phase-gate box with one or two filled controls. In particular,
CR,(m) = CZ; CCR,(m) is the doubly controlled-Z gate, CCZ.
2.2.1.2 Pauli rotations

Single-qubit rotations extend to rotations about tensor products of Pauli opera-
tors. For a signed Hermitian Pauli tensor Q € +{I, X,Y, Z}®*"  define

Rqo(0) 2 2

(19)

For @ = X,Y, Z, we obtain the single-qubit gates Ry (6), Ry (), and R,(0). We use

the phase convention in Equation 19 throughout; it differs from the usual rotation
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convention only by a global phase. These gates are 2m-periodic and satisfy R 6 =
Ro(—0).

2.3 CIrRCUIT COMPILATION, REPRESENTATIONS, AND SYNTHESIS

Quantum circuit compilation translates a computation into gates supported by
a target device while seeking to reduce its execution cost. This typically involves
several stages, from algebraic optimisation to gate decomposition and hardware
mapping [22]. This thesis focuses on algebraic optimisation, where representations
of the computation expose opportunities to reduce gate or parameter counts.

Circuit compilation at this level commonly uses circuit rewriting and circuit
synthesis. Circuit rewriting uses gate identities to transform an existing circuit
without changing the computation it performs. Circuit synthesis constructs a circuit
from a specification, such as a unitary matrix or Clifford tableau. These approaches
can be combined through resynthesis: a region of a circuit is replaced by a new
implementation of the same operation.

The following sections introduce the algebraic representations, circuit identities,
completeness results and synthesis methods for the circuit families studied in this

thesis.

Clifford+R,(0) ¢

{H,S,CNOT, R;(0)}
Pauli rotations and PDDAGs

Parameter count
Two-qubit gate count and depth
+H,S T —>9\
CNOT+R,(0) & Clifford+T @
{CNOT, R4(6)} {H,S,CNOT, T}
Phase polynomials Sum-over-paths representation
Parameter count T-count and T-depth
Two-qubit gate count and depth Two-qubit gate count and depth
0 T +H,S T +T
CNOTH+T @ Clifford ¢
{CNOT, T} {H,S,CNOT}
Zg phase polynomials Tableaus: M € Sp(2n,F,)
T-count and T-depth Two-qubit gate count and depth
+T\ +H,S
CNOT @
{CNOT}
Binary matrices: A € GL(n,F,)
Two-qubit gate count and depth

Figure 4: Circuit families of increasing generality, their representations and common compilation
costs, as well as links to the corresponding sections.
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2.3.1 CNOT circuits

A CNOT circuit contains only controlled-NOT gates, each acting on computa-
tional-basis states as given in Equation 14.

A general n-qubit unitary circuit is represented by a 2" x 2" complex unitary
matrix, whereas an n-qubit CNOT circuit can be represented by an n x n invertible
binary matrix [23]. Constructing a CNOT circuit from its binary matrix is called
parity synthesis, typically with the aim of reducing CNOT count or depth.

Let U be the unitary implemented by an n-qubit CNOT circuit. Writing « € 3

as a column vector, the circuit acts on computational-basis states as
Ulz) = |Az), A€ GL(n,L,). (20)

The jth row of A records which input bits are XORed to produce the value on output
wire j. This matrix can be read directly from the circuit by propagating symbolic
wire values. Initially, wire j carries the symbol z;. Scanning the circuit diagram from
left to right, each CNOT;, ; replaces the symbol on its target wire by its XOR with
the symbol on the control wire; all other wire symbols are unchanged. The symbols
therefore remain parities of the input bits, and the coefficients of the final parity
on output wire j form row j of A. Invertibility follows because every CNOT is self-

inverse.
ExAMPLE 1 Consider the 3-qubit CNOT circuit CNOT; 3 CNOT, 3 CNOT, 5.

To propagate its parities, scan the circuit diagram from left to right and update
the target-wire label after each CNOT:

Ty T

z, Dy

T, D xy

fan)
A\

Lo

T, D xy D xyg
N Pany
D \\% To D T3

A
T3 Ay

The labels at the right give the overall action on basis states:

|T1, Tg, 23) = |T1, 2 @ Ty, T, D xg), A= (21)

=g .
__ o
[ =)

The value on the third wire is temporarily z; @ x5 @ z4; the final CNOT cancels

x;. Thus the circuit and matrix encode the same parity transformation.

The symbolic update for CNOT, ; corresponds to the row operation

T, @ (22)
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The synthesis task is therefore to construct a target A from I, using row operations.

Since every update is self-inverse, this is equivalent to reducing A to I,. Returning

|

The correspondence between CNO'T circuits and invertible binary matrices allows

to Example 1, the forward construction from I is

1 1
? 8 To < To DTy 1 (1) 8 Ty < T3y 1 ? 8 Ty T3 @1y
01 — 001 — 111 —

2.3.1.1 Synthesis by Gaussian elimination

(=R Ry

10
11
01

= o O

us to synthesise circuits using linear algebra over [F,. The underlying decomposition
of invertible linear transformations into elementary additions dates back at least as
far as Jordan’s 1870 work on linear groups [24, §121, pp. 93-94]. Gaussian elimination
provides a systematic way to construct such a decomposition.

Gaussian elimination reduces the target matrix to the identity in two stages.
Forward elimination works column by column, adding a lower row to the pivot row
if necessary to make the diagonal entry one, then using the pivot row to clear the
entries below it. Since the matrix is invertible, this produces an upper triangular
matrix with ones along the diagonal. Backward elimination then clears the entries
above the diagonal, working from the last column to the first. Each row addition
corresponds to a self-inverse CNOT gate, so reversing the recorded sequence gives a
circuit implementing the target.

Gaussian elimination uses O(n?) classical bit operations and produces a circuit
with O(n?) CNOT gates in the worst case [23].

ExAMPLE 2 For this four-qubit parity map, forward elimination produces an

upper triangular matrix, and backward elimination reduces it to the identity:

1T O Ty
0110] = [1100]7=[1000
3 3 2 2 2 3
1010 T4“Z>®T3 0110 rl“T_l;BW 0100
0101 forward 001 1| vackward |0 0 1 0
0010 0001 0001

Reversing the seven row additions above gives the following circuit implementing

the original parity map, read from left to right:

Zq () () Ty D T3
Ty () () T, D T3
T3 () () To (&) Ty
Ty D T3

22



ALGEBRAIC STRUCTURE IN QUANTUM CIRCUIT COMPILATION

2.3.1.2 Patel-Markov—Hayes

Patel, Markov and Hayes [23] establish an ©(n?/logn) lower bound on the worst-
case CNOT count for synthesising n-qubit linear reversible transformations without
ancillas, assuming all-to-all connectivity and fixed input and output labels. They

also give an algorithm that matches this bound asymptotically.

PROPOSITION 1 Let doyor(n) be the mazimum, over invertible n X n binary
targets, of the minimum CNOT count for ancilla-free synthesis with all-to-all
connectivity and fixed input and output labels. For n > 2,

n(n—1)
Toxor®™) 2 og, tnn — 1)+ 1)

= Q(n?/logn). (23)

This lower bound follows from a counting argument. There are 20(n*) invertible
binary targets, whereas each CNOT has only n(n — 1) possible placements. Synthe-
sising some targets therefore necessarily requires Q(n2 /logn) CNOT gates. The full
argument is given in Section A.2.

Their algorithm divides the columns into blocks and eliminates repeated bit-
strings within each block before applying Gaussian elimination.

The algorithm processes blocks of width m from left to right. For each block,
consider the rows at or below its first diagonal position. When two rows have the
same non-zero pattern within the block, add the earlier row to the later one to
cancel that pattern. Each cancellation uses one CNOT. At most 2™ — 1 distinct non-
zero patterns remain for forward Gaussian elimination to clear. Completed columns
remain unchanged, so the first pass produces an upper triangular matrix U. Repeat-
ing the procedure on U7 yields the identity. To synthesise the target, the second-pass
gates are applied in recorded order with controls and targets swapped, followed by
the first-pass gates in reverse order. The authors choose m = max(1, |alog, n]) for
fixed 0 < a < 1, giving O(n?/logn) CNOTs in the worst case [23].
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ExaMpPLE 3 We divide this six-qubit target into three blocks of two columns.
Shading marks the active block, with repeated patterns shaded darker. Rows 1, 3
and 5 share (1,1), so we add row 1 to rows 3 and 5, clearing two entries in each.

We cancel the other duplicate in the same way, then eliminate below the pivots:

110100 110100 110100
0110007 |011000]|, . /011000
55w T4T4OT]

111000 Tﬁ“’_ﬁ;‘”? 001100 T4“2>@7"2 001100
100111 cancel 100111 eliminate 001011
110110 000010 000010
010111 001111 001111

In the second block, rows 3 and 6 share (1,1). We cancel the duplicate, then
eliminate below the pivot. The final block needs only ordinary elimination:

110100 110100 110100
011000, . ,6-,]011000 011000
001100 ’“4“’"_4>$’"3 001100 TG‘_T_G;BTS 001100
001011 block 2 000111 block 3 000111
000010 000010 000010
001111 000011 000001

We then transpose the resulting matrix and repeat the same block-elimination

procedure to obtain the identity.
Although PMH is asymptotically optimal, it does not necessarily give the smallest

circuit for a given target. In Chapter 6, we show how reinforcement learning can find
circuits with fewer CNOTs than PMH.

2.3.1.3 Circuit identities and completeness

CNOT circuits can also be transformed directly using circuit identities. A set of
identities is complete if every equality between circuits representing the same trans-
formation can be derived from it. Lafont [25] gives such a presentation for invertible
binary linear maps, using generators equivalent to CNOT and SWAP gates. The
completeness of the rewrite system guarantees that any two equivalent circuits can
be related through rewrites, but does not tell us how to choose rewrites that reduce

the gate count.
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2.3.2  Clifford circuits
A Clifford circuit is built from H, S, and CNOT gates. Clifford circuits are

characterised by their action on Pauli operators, so we first introduce the Pauli group
and its binary representation. Recall the Pauli gates introduced in Section 2.2. The
operators obtained by freely composing these gates on n qubits form the n-qubit

Pauli group:

P, = {z’kPl ®..0F, | ke{0,1,2,3},F € {I,X,Y,Z}}. (24)
The phases arise from Pauli multiplication: Y =X Z, so XY Z = il. Disregarding

overall phases gives the quotient Pauli group

P, =P, J{£]l, £il}.
We call a tensor product B ® ... ® F,, with each P, € {I, X,Y,Z}, a Pauli string.
It can be encoded by a binary row (z  z) € F2", with the first n entries encoding X

and the last n encoding Z. Each qubit uses two bits:
I+~ (0 0, X1 0, Y1 1), Z+ (0 1).

Multiplication in the quotient Pauli group corresponds to bitwise XOR of the binary
rows. Like single-qubit Paulis, two Pauli strings either commute or anticommute,
according to whether their single-qubit operators anticommute at an even or odd

number of positions. For example, X ® X commutes with Z ® Z, whereas
(X®(Z®Z)=—(202)(X&1),

so they anticommute.

For binary labels p and g, this commutation condition can be checked using the
symplectic inner product. Since we need to pair the X component of p with the Z
component of ¢, and vice versa, we define (p, q);, = pQg”, where  swaps the X and

Z components. For two qubits, we obtain

0010\ (= 2]

0001 s A

T _ 2 | _ 2
pQgt = (71 29 21 25) 1000 2 = (21 Ty 21 %) o (25)

0100/ \ % x5

/ / 4 4

For n qubits, the same calculation gives pQq? =z -2’ @ z-2’, where Q = <IO Ig)
and all arithmetic is modulo two. The inner product is zero when the Pauli strings
commute and one when they anticommute. Equivalently, for Pauli strings P and Q

with binary labels p and g,

PQ = (-1)P"QP.
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A Clifford operator is a unitary U that preserves the Pauli group under conjugation.
In other words, conjugation maps each Pauli string to a distinct Pauli string, up to

a sign. These operators form the Clifford group:
C,={Ueu@") | URU =2,}. (26)

Since every Pauli string is a product of X, ..., X,,, Z;, ..., Z,,, up to phase, a Clifford
circuit’s action is determined by the images of these 2n generators under conjugation
[26]. Recording these images gives a compact representation called a Clifford tableau.
Constructing a Clifford circuit from its tableau is called Clifford synthesis, typically
with the aim of reducing the two-qubit-gate count or depth.

2.3.2.1 Clifford tableaus

Let U be the operator implemented by an m-qubit Clifford circuit. Its signed
Clifford tableau consists of a binary matrix M, € F2"*?" whose rows encode the
conjugated Pauli generators, and a column r;; recording their phases. Since the
generators are Hermitian and conjugation preserves Hermiticity, these phases can
only be +1, rather than +:¢. Each phase is therefore a sign, recorded by a single bit
r through the factor (—1)".

Throughout this thesis, we write Clifford tableaus in the following format. The
upper and lower halves track the X and Z generators, respectively, while the left
and right halves of Mp; record their X and Z components, giving four n x n blocks.

The final column records the signs:

xq x, Zq Zp r
X4 L1 LTin | ?1,1 Z1,n L1
Xn xn,l mn,n Zn,l Zn,n Tn (27)
Z LTpt1,1 Lpt1,n|?n+1,1 Zn+ln  Tnyl
Zn xQn,l x2n,n z2n,l Z2n,n Ton

Since conjugation preserves commutation and anticommutation, the generator im-
ages must retain the original relations: X, anticommutes with Z,, while all other pairs
of distinct generators commute. These constraints are expressed by the symplectic

condition
M,QME = Q. (28)

Equivalently, M QM = Q, so My, belongs to the symplectic group Sp(2n,F,) [27].

26



ALGEBRAIC STRUCTURE IN QUANTUM CIRCUIT COMPILATION

ExAMPLE 4 Under forward conjugation by the one-qubit Clifford generators,
H:(X\)Y,.2)— (Z,-Y,X), S:X,)Y,2)— (Y,—-X,Z). (29)

In the row order (X, Z) and with columns labelled (x z ), their signed Clifford
tableaus are

x z s T z T
H: x|o|l1 o . X | 1|1 o0
zZ|1]0 o0 zZ|lol1 o
ExAaMPLE 5 For CNOT with control qubit 1 and target qubit 2, and for CZ on

the same qubits, forward conjugation gives

CONOT, ,: X, = X, Xy, Xo b3 Xy, Zy 45 Zy, Zyt= Z1 7. (30)

Encoding these images in the form of Equation 27 gives the signed tableaus

CNOT CZ
T, Ty 2] 2y r Ty Ty 2 2y r
X [ 11 0 X, 0
X, | 0 0 X, 0
Z, | o 0 Z, 0
Z, | 0 0 Z, 0

Having represented a Clifford circuit by its tableau, we now consider how the tableau
changes when a gate is appended. Given a circuit that implements U, appending G
gives GU, so each stored Pauli image P’ = UPU" is updated by

P’ +— GP'G".

This updates each row of the tableau independently. As shown in Example 4, a
Hadamard gate on qubit a swaps z, and z,, flipping the sign when both are one. An
S gate adds z, to z,, with the same sign correction. The CNOT conjugation rules
in Example 5 give x, < =, @ z, and z, < 2, @ z,, where a is the control and b the

target. Table 1 collects the complete updates, including the CNOT sign correction.

Gate X bits Z bits Sign bit
H, Ty = 2, Zgr = Tg r=r®z,z,
S, Ty =2, 2y =2, DT, r=ré®c,z,

CNOT,, &y =2,92, 2y =2,Dz 1 =r®c,z(,dz 1)

Table 1: Clifford tableau update rules [28]. For CNOT, a is the control and b the target. Right-hand
sides use the original bit values; unlisted entries are unchanged.
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Since H, S, and CNOT generate all Clifford circuits up to global phase, the tableau
updates for any other Clifford gate can be derived from these rules. To construct
a circuit’s tableau, we start with M = I,, and r =0 and apply the updates gate
by gate.

ExAMPLE 6 Consider the three-qubit Clifford circuit

q —q
d2 S b d2

0 S HH 0=,

Reading from left to right, the generator images after each layer are:

X-Generator Images Z-Generator Images
Layer Gates
X, X, X; A Z, Zs
1 S1HyS3 Y, 2y Y3 Z, Xy 23
2 H,S5,Hj - 2y -Y X, Y, X3
3 CNOT, , -NX, 2,2y -Y X, Xy 2,Y, X3
4 CNOT, 3 X, X3 2, Zy —Z)Y3 X, X, X3 2, Y%, X3 X3

The resulting signed Clifford tableau is

T, Ty .’173 Z1 2o Z3 T
x, [1 11100 1] —-¥xx,
X, |00 0/1 10 o0 7,7,
X, |00 1/0 1 1 1 —Z,Y,
Z |11 1]00 0 o0 X, X, X,
Z, o1 1]1 10 o0 Z,Y, X,
Z, L0 o0 1/0 00 0| X,

2.3.2.2 CNOT circuits as a symplectic subclass

The relationship to the preceding CNOT representation is especially simple. For
column vectors a,b € F7', write X(a) =[], X and Z(b) = I1, Zf". If Ulz) = |Az)

as in Equation 20, then
UX(a)U" = X(Aa), UZB)U' = Z(A™Th), (32)

where A™T = (A_l)T. The tableau stores each generator image as a row, so

A% 0 ] . (33)

MU:{O Al

Substituting the matrix from Example 1 gives the Clifford tableau of the same three-
qubit CNOT circuit.

2.3.2.3 Aaronson-Gottesman

In their work on the efficient classical simulation of stabiliser circuits, Aaronson

and Gottesman [28] also give a structured decomposition for Clifford synthesis.
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The idea is to separate a Clifford into single-qubit stages and CNOT circuits, then
synthesise each CNO'T circuit using PMH.

Their decomposition has eleven stages, each containing only Hadamard, S, or
CNOT gates. Read from left to right, these are:

H + CNOT+S5 + CNOT +S + CNOT+H + S+ CNOT +S + CNOT.

Applying PMH to each of the five CNOT stages gives O(n?/logn) CNOTSs in total.

This scaling is asymptotically optimal under the following assumptions.

PROPOSITION 2 Let deyg(n) be the mazimum, over n-qubit Clifford targets up
to global phase, of the minimum CNOT count for ancilla-free synthesis with all-
to-all connectivity, fired wire labels, and free single-qubit Clifford gates. Then

doyge(n) = Q(”2/10g n). (34)

This lower bound follows from a counting argument similar to the CNOT case,

but accounting also for free single-qubit Clifford gates. The full proof is given in
Section A.3.

2.3.2.4 Circuit identities and completeness

Alternatively, Clifford circuits can be rewritten directly using gate identities.
Selinger [29] gives a complete set of circuit identities and a procedure for rewriting
every circuit into a unique normal form. His presentation uses Hadamard, S, and
CZ gates, together with an explicit global-phase factor. Since Hadamard conjugation
converts CZ into CNOT, the presentation can also be expressed using the gate set
adopted here. Chapter 3 introduces an alternative approach through the complete

graphical rules of the ZX-calculus.
2.3.3 CNOT+R, circuits and phase polynomials
CNOTs apply a linear transformation to the bits, while R, gates change the

relative phases between basis states. A circuit built from these gates therefore applies
a linear transformation on the basis states together with an input-dependent phase.

One can think of such a circuit as a CNOT circuit with R, gates inserted along
its wires, each acting on an intermediate parity. Each rotation contributes its angle
when that parity is one, making the accumulated phase a weighted sum of parities
— the circuit’s phase polynomial [30]. Together with the final binary transformation,

this polynomial describes the circuit’s action.
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EXAMPLE 7 Consider the two-qubit CNOT+ R circuit

Ty T

Ty _| Ry (a) |_€9_| R (B) l_éa_ To

Reading from left to right, the rotations act on the parities z, and z; ® ),

respectively. Disregarding the R, gates leaves two CNOTs that cancel, so the input

bits are unchanged. Including the accumulated phase, the circuit acts as

[Ty, ) > gilawath(@: ®2,)) |T1,2,).

Writing f for the phase polynomial and A for the final binary transformation, the

circuit acts as

Ule) = ¢/@|Az), fl@)= 3 6,x,(), (35)

y€eFy,y#0

where A € GL(n, 1), 0, € R, and x,(z) = 3,2, @ ... ® y,,7,,- Each parity takes the
value zero or one, contributing either zero or its rotation angle to f.

To synthesise a phase polynomial, each parity appearing in it must be computed
on a wire so that the corresponding phase rotation can be applied. Amy, Azimzadeh
and Mosca [31] call a CNOT circuit that computes all these parities a parity network.
Their GraySynth heuristic shares intermediate parity computations across the terms
of the phase polynomial, avoiding the cost of computing and uncomputing each term
separately. After inserting the rotations, the authors use PMH to synthesise the
remaining parity map needed to obtain the required outputs.

Meijer-van de Griend and Duncan [30] extend this approach to devices with
restricted connectivity, using Steiner trees to synthesise the required parity compu-
tations along the available connections.

2.3.3.1 Circuit identities and completeness

The phase-polynomial representation gives a circuit normal form for CNOT+R,
circuits. Circuit equality is determined by the final linear map and the phase function
modulo 27 [31]. Choosing each phase value in [0,27) gives a unique expansion in
the non-zero parity functions. We can arrange the resulting non-zero phase gadgets
in lexicographic order of their parities, followed by the final linear map, using fixed
CNOT constructions for both. Equivalent circuits then have the same circuit normal

form, giving a complete method for establishing circuit identities.
2.3.4 CNOT+T and Clifford+T circuits

Restricting the phase angles in CNOT+R; circuits to multiples of 7 gives the
CNOT+T family. Writing w = e'%, its phase polynomial has coefficients a, € Zg:
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Ulz) = w?@|Az), p(z)= Y a,x,(x) (mod8). (36)
y€eFy,y#0

In phase-polynomial synthesis, each odd coefficient requires one T' or T'' gate in
a parity-based implementation, while even coefficients require only Clifford phase
gates. Different coefficient choices can describe the same unitary, providing oppor-

tunities to reduce the T' count. Writing b = (ay mod 2) , the number of non-zero
y

entries counts the T' gates in this implementation. Amy and Mosca [32] relate the
search for an equivalent phase polynomial with fewer such entries to Reed—Muller
decoding.

The same non-Clifford phase information can be represented by a symmetric

signature tensor over [y:

S = Zbyy®3 = iv?g’.
r=1

y#0

Each non-zero binary vector v, specifies a parity receiving one 7' gate. A decom-
position with fewer terms reduces the T-count, with a diagonal Clifford correction
restoring the desired phase operation. Heyfron and Campbell [33] use this represen-
tation in their TODD optimiser. AlphaTensor-Quantum uses reinforcement learning
to search for these tensor decompositions [17].

These methods optimise T-count in ancilla-free CNOT+T' circuits, treating
Clifford gates as free. They exploit the fixed rotation angle 7, whereas Chapter 4
studies reductions in the number of independent continuous parameters.

Clifford+T circuits are generated by {H,S,CNOT,T} and are approximately
universal up to global phase. This gate set is important for implementing more
general quantum circuits: arbitrary phase rotations can be approximated to a spec-
ified accuracy using Ross and Selinger’s [34] algorithm.

The phase-polynomial optimisation methods can also be applied to Hadamard-
free regions of a larger Clifford+T circuit. To represent the full circuit, the sum-over-
paths representation generalises phase polynomials by tracking the phases along the
computational paths introduced by Hadamard gates and summing their amplitudes
[35].

2.3.4.1 Circuit identities and completeness

For CNOT+T circuits, Amy, Chen and Ross [36] give a complete set of circuit
identities, obtained by restricting their presentation of CNOT-dihedral circuits,
which also permits X gates. Their identities rewrite each circuit into a unique normal
form, so equivalent circuits can be related by rewriting both into that form.

For the full Clifford+7T family, complete circuit-level rulesets are known for
one- and two-qubit Clifford+T circuits, but completeness for arbitrary numbers of

qubits within the same ancilla-free circuit language remains open [37]. For arbitrary
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numbers of qubits, Jeandel, Perdrix and Vilmart [12] establish completeness in the
ZX-calculus. Equivalent circuits can therefore be related through graphical rewrites,
although the intermediate diagrams need not have circuit form. This greater freedom

is one motivation for the graphical approach introduced in Chapter 3.
2.3.5  Parametrised circuits and Pauli rotations

A parametrised quantum circuit (PQC) is a family C (5) specified by a fixed
arrangement of gates whose angles depend on parameters geRF. A parameter
may occur on one gate or be shared across several gates. PQCs are used in varia-
tional quantum algorithms, where a classical optimiser adjusts the parameters using
measurement results from the quantum circuit [38]. The following two-qubit PQC
has three parametrised gates but only two parameters, since 6; is shared by two

rotations:

Ry(6,) R,(6,)
R, (6,) @

We seek to reduce the two-qubit gate count or parameter count of these circuits
while preserving the computation for every parameter assignment.

The phase-polynomial picture extends naturally to these circuits. Where CNOT
gates track intermediate parities, Clifford gates track intermediate Pauli strings.

Each R, gate becomes a rotation about the corresponding Pauli axis, using
CRg(0) = Roget (0)C. (37)
Moving the Clifford gates through the rotations gives
U(6) = By_(om(8))-Rq, (o1 (3))C. (38)

where each @); is a signed Hermitian Pauli string. The Clifford circuit C' acts first,
followed by the ordered Pauli rotations. The m rotation angles depend on the k
parameters and need not be independent.

For the two-qubit PQC introduced above, this gives the following equivalent
circuit. Its Clifford remainder is C = (H ® I) CNOT(H ® H), and its rotation axes,

in execution order, are X, X;Z,, and Z;:
—# Fx(6)) Ry(0))
RX®Z(92)

—H-

In a phase polynomial, all rotation axes contain only Z operators and therefore

commute. Here, the axes may contain X, Y, and Z, so the order of the rotations

matters. Rotations about commuting Pauli strings can be reordered:
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[Q, R] = 0 = Rg(a)Rg(8) = Rp(B)Ro(a). (39)

In our two-qubit example, X; commutes with X, Z,, so the first two rotations can
be reordered.
When commuting rotations can be reordered to bring two rotations about the

same axis together, they can be fused:
Rg(a)Rg(B) = Rg(a+ ). (40)

If the independent parameters o and B occur only in these two rotations, fusion
replaces them with the single parameter o + 5. Rotations about anticommuting Pauli
strings generally cannot be reordered, although particular angle assignments may
permit additional simplifications.

A Pauli Dependency DAG (PDDAG) records the commutation constraints of this
Pauli-rotation representation. It stores the Clifford tableau together with a directed
acyclic graph of rotations, whose edges preserve the order of anticommuting axes
[39]. Rotations about the same axis can be brought together and fused when no
directed path separates them.

Zhang and Chen [40] use this Pauli-rotation representation in TOpt to reduce
T-count by merging rotations. For more general rotation angles, Cowtan, Simmons
and Duncan [41] group commuting rotations, jointly diagonalise them using Clifford
circuits and synthesise the resulting phase polynomials. These approaches expose
opportunities to share gates across rotations rather than synthesising each rotation
independently.

Clifford operations can also be tracked classically by updating subsequent Pauli
measurements, a technique used in Pauli-based computation [42] and lattice surgery
[43].

For Trotter approximations to Hamiltonian evolution, choosing the order of Pauli
rotations can reduce entangling-gate counts [44, 45]. In the noisy intermediate-scale
quantum (NISQ) setting, Huang et al. [46] prioritise this reduction on the assumption
that entangling-gate noise outweighs the additional Trotter error introduced by
reordering.

2.3.5.1 Circuit identities and completeness

Beyond these commutation and fusion identities, Clément et al. [47] give a
complete set of identities for circuits built from Clifford gates and arbitrary phase
rotations, subsequently simplified by Clément, Delorme and Perdrix [48]. Equivalent
circuits can therefore be related without leaving circuit form. These results concern
arbitrary numerical angles; completeness for symbolic parameter families addition-
ally requires a derivation valid for every parameter assignment.

For symbolic parametrised circuits, Jeandel, Perdrix and Vilmart [49] establish

completeness in the ZX-calculus when gate angles are integer linear combinations
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of parameters with constants in multiples of 7. This includes repeated parameters,

although intermediate diagrams need not have circuit form. In Chapter 4, we

iy

prove completeness for constants in multiples of 7, under the restriction that each

parameter appears at most once in each diagram.
2.3.6  Architecture-aware compilation

In this thesis, we focus on compilation without connectivity constraints, allowing
two-qubit gates between any pair of qubits. Superconducting processors typically
restrict interactions to a fixed coupling graph, so implementing gates between
unconnected qubits can require additional operations, increasing gate count and
depth [50, 51]. SABRE routes circuits by inserting SWAP gates [52]. Trapped-ion
processors can offer more flexible connectivity by transporting ions between gate
zones, although movement and scheduling still have physical costs [53].

Synthesising circuits directly using gates that respect the hardware connectivity
can reduce routing overhead by exploiting circuit structure. Steiner-tree methods
support CNOT [54, 55] and CNOT+R, synthesis [30], while architecture-aware
tableau elimination produces Clifford circuits that respect the connectivity [56].
Allowing a final output permutation lets the compiler choose which physical qubit

carries each output, providing further opportunities to reduce gate count [57].
2.3.7 Synthesis with ancillas

Ancillary qubits provide temporary workspace that can reduce circuit depth or
gate count. Selinger [58] gives a Clifford+7" implementation of the Toffoli gate using
four ancillas and a single layer of T gates. Gidney’s [59] temporary logical-AND
construction uses an ancilla to store an intermediate result and measurement-based
uncomputation to reduce the T-count of quantum addition. Such methods trade
additional qubits, and sometimes measurement and classical control, for lower circuit
costs. Comparisons must therefore specify the available ancillas and how they are
initialised and restored.

The CNOT and Clifford synthesis experiments in Chapter 6 use all-to-all connec-
tivity, fixed input and output labels, and no ancillas.
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caneren 111

The ZX-Calculus for Circuit
Optimisation

Chapter 2 introduced quantum circuit optimisation through the traditional
language of the circuit model and reviewed algebraic representations and equational
rewrite methods for several common circuit families. Circuit notation is useful for
studying compilation, but other representations can reveal structure that helps us
understand and optimise circuits.

Where circuit diagrams express computations as sequences of gates acting on
wires, the ZX-calculus breaks those gates down into smaller graphical building blocks
called spiders [11]. Since the ZX-calculus is universal, one need not devise a new
rewrite system for each gate set, nor complicated extra rules to describe how two
gate sets interact.

This chapter introduces the ZX-calculus prerequisites necessary for the thesis.
We first introduce the generators of ZX-diagrams and their semantics, and show how
to express circuits using only these generators. Then we give the rewrite rules that
form the stabiliser and universal fragments of the ZX-calculus, before using them to
relate parity projectors to phase gadgets. These projectors and phase gadgets will
be used to study the compilation of parametrised quantum circuits in Chapter 4.
We next convert the usual red-green representation of ZX-diagrams to the green-
Hadamard representation used by the software library PyZX, whose algorithms and
underlying graph-like representation are used extensively in the thesis. We introduce
stabiliser states through their Pauli generators, then develop their graph state with
local Cliffords (GSLC) and affine-with-phases (AP) representations in Section 3.5.
AP form occurs as an intermediate step in Clifford simplification, while GSLC form
is used in the parameter-optimality proof in Chapter 4. Finally, we introduce Pauli
webs and use them to read Clifford tableaus from GSLC diagrams.

For a comprehensive introduction to the ZX-calculus, see van de Wetering’s
survey [60] or the book Picturing Quantum Software [61].
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3.1 ZX-DIAGRAMS

ZX-diagrams are string diagrams consisting of phase-labelled Z and X spiders
connected by open wires. These spiders are essentially non-unitary, multi-wire
generalisations of the Z and X rotation gates. A spider may have any number of
inputs and of outputs, and its phase is interpreted modulo 27. We write Z,, ,,, () and
X, m(a), where n and m are the numbers of input and output wires, respectively;
the phase argument is omitted when it is zero. Their images under the interpretation
functor [—] are defined graphically below.

Hn}imﬂ — ‘O>®m<0|®” 4 ez‘a|1><§§m<1‘®n7
ﬂn}{m:ﬂ — ‘+>®m<+|®n +eia‘_>®m<_|®n.

A phaseless spider is shorthand for a spider with its phase set to zero.
7ZX-diagrams are also equipped with swaps, cups, and caps, which allow the wires
of the diagram to freely move around. Their graphical definitions are
D= > watwy [D] = t0or+ a1 [C] =00y + 1)
z,ye{0,1}
ZX-diagrams compose horizontally and vertically (see Example 8). Let D; : n; — m,
and D, : ny — my be two ZX-diagrams. As with circuit diagrams, inputs are on the
left and outputs on the right, while D, o D; denotes D; followed by D,. Horizontal
composition connects the outputs of D; to the inputs of D, and corresponds to
matrix multiplication. The output and input wire counts must match, so m; = n,.

Vertical composition stacks the diagrams and corresponds to the tensor product:
[Dy o D] = [D][D1], [Py ® D,] = [D;] ®[Ds]-
Together, the Z and X generators can represent any linear map between qubits.

This property is called universality.

THEOREM 3 Universality. For any non-negative integers n and m and any
linear map L : ((C2)®n — ((C2)®m, there is a ZX-diagram D : n — m with arbitrary
real spider phases such that [D] = L ezactly, including its scalar factor [61].
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ExAMPLE 8 The following ZX-diagram decomposes into eight generators:
Z1,2 I
I X1 >< cap

T swap T

D= (cap®I)o(IQ@swap)e (I Q@ Xy, Q1) (Z,,QIQ1I).

ZX-diagrams are read topologically: only connectivity matters (OCM). This allows us
to rearrange the positions of the spiders and wires of a ZX-diagram without changing
the underlying linear map, provided we don’t change the ordering of the wires at the

boundary. For example:

_ (OCM)

Throughout this thesis, = denotes exact equality. For ZX-diagrams, circuits, and
linear maps, A o« B means that their interpretations differ by a non-zero scalar.

To translate a quantum circuit into a ZX-diagram, replace each gate with its
graphical representation. Figure 5 collects the representations used throughout this

thesis, omitting non-zero scalar factors.

Scalars in ZX are themselves diagrams with no inputs or outputs, and many,

including zero, €’*, and powers of /2, have simple graphical representations:

& @ O o
X Y A S T

CNOT CZ

Rx(a) Ry(a) Rz(a)

CRz(Oé)

Figure 5: Common quantum gates represented as ZX-diagrams, up to non-zero scalar.
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1 =[#] 2 =[o] 0 =[@]
vi=[[e—o] 5 =[e=0] e =[@©® o]

Two additional scalar rules are needed to reason precisely with ZX-diagrams. The
inverse rule (IV) cancels the graphical factors v/2 and %, while the zero rule (ZO)
allows us to disconnect diagrams whose interpretation is the zero map [62]:

00 o =9 (IV) @»o— = @®o— (ZO)

In practice, we often write such a scalar directly next to a diagram for convenience.

Corresponding to the usual circuit fragments, we classify ZX-diagrams according
to the phases of their spiders. Throughout, phases are taken modulo 27. The
, 5, and 7 mirror the Pauli, Clifford, and T' levels of the

Clifford hierarchy for single-qubit phase gates [63].

successive phase angles m

DEFINITION 4 A phase-free diagram is a ZX-diagram in which every spider has

phase zero. It is the graphical generalisation of a CNOT circuit.

DEFINITION 5 A spider phase is Pauli if it is an integer multiple of 7, Clifford if it
is an integer multiple of 7, and proper Clifford if it is an odd integer multiple of 7.
Any phase that is not Clifford is non-Clifford. A Clifford diagram is a ZX-diagram
in which every spider has a Clifford phase. It is the graphical generalisation of a
Clifford circuit.

DEFINITION 6 A Clifford+T diagram is a ZX-diagram in which every spider

phase is an integer multiple of 7. It is the graphical generalisation of a Clifford+

T circuit.

3.2 Z7ZX REWRITES

Connected spiders of the same colour can be combined using spider fusion. The

phases of the two spiders are added up modulo 27.

When both spiders have one input and one output, fusion corresponds to adding the

angles of single-qubit phase gates (Equation 11):

@0 - @

Likewise, the following rule captures the idea that a zero phase rotation is equivalent
to the identity.

—-o0- = — (i1)
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The yellow H box abbreviates the Hadamard map shown below. The Hadamard is
involutive, so two adjacent H boxes cancel out:
111 o = — (i2)
ol= 5l )
The Hadamard has two main roles. First, applying it to every leg of the spider

changes its colour and switches between the Z and X bases:

oW Wow e

Due to this rule, all of the ZX rules still hold with the spider colours interchanged,
while leaving the Hadamard unchanged.
Second, the Hadamard can be expressed using Z and X spiders through its Euler

decomposition:
—0— =i (HD)

This rule was omitted from the original ZX-calculus ruleset, but turned out to be
essential for deriving local-equivalence properties of graph states [64]. We return to
graph states in Section 3.5.2.

More generally, the generalised Euler rule converts any alternating sequence of
three arbitrary-angle rotations into one using the opposite colour order. See Vilmart’s

work [65] for the exact conversion between the Euler angles.
= (EU)

To complete the calculus, we also need the following rules that describe the inter-
action between Z and X spiders: rule (7) commutes a Pauli-X spider through a Z
spider and negates its phase, while (¢) copies the unnormalised computational-basis
state represented by the degree-one phaseless X spider; in (c), n is the number of

output legs:
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I

Together with fusion, these three rules enrich the vector space spanned by |0) and |1)
with the group structure of Z, on its basis elements, thereby yielding a group algebra.
Concretely, the one-legged X spiders X, ; and X (m) are proportional to |0) and
1), respectively, and hence represent its two basis elements. On this basis, X, ; acts
as the identity element 0, while X, ; acts as the group multiplication, combining two
values by addition modulo 2. In the complementary green structure, Z; 5 copies each
basis element, whereas Z; ; maps either one to a non-zero scalar and thereby deletes
it. Thus, the red unit and multiplication form a monoid, while the green counit and

comultiplication form a comonoid.

z —O o0— o @ 1
Zyo: DELETE Xo1:0) Xo1(m): [1)
x z1
x —({ })—:ﬁ D x2

T 2
Z, 5: COPY X, ,: XOR

The resulting group algebra satisfies two characteristic interaction laws. The Hopf
law expresses the fact that every element of Z, is self-inverse, while the bialgebra
law describes the interaction between XOR and basis copying: copying an XOR is
equivalent to XORing corresponding copies. Both laws are illustrated below, up to

a non-zero scalar, with the basis values propagated through each diagram.
x1
x 1 x1 D x2 1 O w2 o oo 1 @ T2
T 00— 0 x T —O O— 0 >{ S
x T2 1 D a2 T2 r1 @ T2
a2
Hopf law Bialgebra law

The Hopf law, called the antipode rule by Duncan et al. [19], has the following
standard ZX form:

@oc%)(% (a)

It follows from identity, fusion, bialgebra, and copy, together with topological defor-

mation of the wires:
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b c o0
(:)O>o—o<o(:)%) 0. X —O O—

The final proportionality discards a disconnected non-zero scalar.
Recall that a rewrite system is complete for a fragment when every semantically
valid equality in that fragment can be derived from its rules. The rewrite rules

introduced in this section give rise to two completeness results.

THEOREM 7 Clifford completeness. Define the Clifford rewrite system by
Raiite = {(OCM), (1), (i1), (i2), (h), (HD), (x), (¢), (b), (IV), (ZO)}.

If Dy and D, are Clifford diagrams with [Dy] = [D,], then a sequence of rewrites

from Ry transforms Dy into D, [62, 66].

THEOREM 8 Universal completeness. Define the universal rewrite system by

R

univ

= Reysr U {(EU)}

The rewrite system R is complete for ZX-diagrams with arbitrary phases [65].

univ

3.3 PROJECTORS AND PHASE GADGETS

We now use ZX rewriting to study two further constructions: projectors and phase
gadgets.

A projective measurement of a Hermitian Pauli operator @) has two possible
outcomes, corresponding to the eigenvalues +1 and —1. Each outcome selects the
associated eigenspace. Indexing the outcomes by b € F,, with eigenvalue (—1)°, the

corresponding projectors are

I+ (-1)"Q

s bEE,

Mg =

For S C {1,...,n}, let Zg denote the Pauli string that applies Z to each qubit in S

and I elsewhere. The corresponding parity projector is represented projectively by

P

g/

O
Hy b

41



THE ZX-CALCULUS FOR CIRCUIT OPTIMISATION

ExAMPLE 9 (Projector on basis states.) For S = {1, 2,3}, plugging the basis
values 1, z,,z3 € I, into the projector and applying copy (c) and spider fusion
(f) gives

The disconnected red scalar has phase (b @ x; ® x4 ® z5)7. When b # z, & z, &

x5, this phase is m modulo 27, so the scalar is zero and annihilates the diagram.

Otherwise it is non-zero and the basis state is retained projectively.

Since each projector selects one of two orthogonal eigenspaces, applying the same
projector twice has no further effect, so the projector is idempotent. Applying
projectors for different outcomes instead gives the zero diagram. The disconnected
scalar distinguishes these cases: its phase is (b @ ¢)m, so it is non-zero when b = ¢

and zero otherwise.

@

T
() (6) :/ (54)

The two outcome projectors account for the whole state space. Their eigenspaces are
complementary, so their sum is the identity. In the first graphical equality, the two
red basis states combine into a phaseless green state because |0) 4 |1) is proportional
to |+).

(55)
(©). (0. (iD)

Phase gadgets act on the two eigenspaces of @Q by leaving the +1 eigenspace

unchanged and applying a relative phase e*® to the —1 eigenspace:
RQ(O&) = HQ,O + eiaHQ’l. (56)

The +1 and —1 eigenspaces of Zg are respectively the even- and odd-parity subspaces
on S. Attaching a green phase a to a phaseless red parity spider gives a projective

representation of the corresponding phase gadget.
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e
RZS (@)
ExaMPLE 10 (Phase gadget on basis states.) For S = {1, 2, 3}, plugging the
basis values 1, T4, x5 € [, into the phase gadget and applying copy (c) and spider
fusion (f) gives

()

@D—
(e).(f)
@—

After discarding a common non-zero factor, the disconnected scalar evaluates to
1 when the parity z; @ 2, ® x5 is even and to €™ when it is odd. Thus the phase

gadget preserves the basis state while applying a phase precisely to the odd-parity

subspace.

A phase gadget can be implemented recursively by removing one target with a
CNOT npair:

(PG)

Iterating (PG) produces a CNOT ladder. Since the target wires of a phase gadget
may be permuted, the same parity computation can instead be arranged as a

balanced tree:

Phase gadgets are useful intermediate representations for circuit compilation.
Kissinger and van de Wetering [20] use them to expose non-local cancellations of
non-Clifford phases; Cowtan et al. [67] synthesise them into shallow circuits; and
Meijer-van de Griend and Duncan [30] incorporate hardware connectivity into phase-

polynomial synthesis.

Figure 6: Four-qubit CNOT-ladder (left) and balanced-tree (right) phase-gadget implementations,
adapted from Cowtan et al. [67]. Both use 2(n — 1) CNOTSs in general, with depths 2(n — 1) and

2[logy n].
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3.4 FROM CIRCUITS TO GRAPH-LIKE DIAGRAMS

We have seen how to represent quantum circuits as ZX-diagrams and reason
about them using a complete set of rewrite rules. While the ZX-calculus is complete,
it is often not clear how to efficiently derive identities or simplify ZX-diagrams using
these rules. The rules can be applied in either direction, and the proofs of Theorem 7
and Theorem 8 use this freedom. Unrestricted rewriting need not terminate, but
fixing the direction of each rule can limit the available simplifications.

Motivated by the need for a terminating simplification procedure for ZX-
diagrams, Duncan et al. introduced graph-like ZX-diagrams [19]. As a first stage, we

use the following intermediate form.

DEFINITION 9 A ZX-diagram is in green-Hadamard (GH) form when every
spider is a Z spider and every connection between spiders is either an ordinary

wire or contains exactly one Hadamard box.

An arbitrary ZX-diagram is converted into GH form by applying colour change (h)
to every X spider, introducing a Hadamard box on each incident wire, and cancelling

adjacent pairs using (i2):

-y e -

After these cancellations, every connection between Z spiders contains at most one
Hadamard box. We draw a connection with no Hadamard box as an ordinary black

wire, and one with a Hadamard box as a blue dashed Hadamard edge:

Graph-like form further restricts GH form so that its spiders and Hadamard connec-

tions define a simple graph, with a standard form at the boundary.

DEFINITION 10 A ZX-diagram is graph-like when:

e every spider is a Z spider;

o spiders are connected only by Hadamard edges;

e the underlying graph has no self-loops or parallel edges;

e every input and output is connected to a spider; and

o each spider is incident to at most one boundary wire.

A spider incident to an input or output is called a boundary spider; every other spider
is internal.

Throughout the remainder of the graph-like reduction, graphical rewrites are
understood up to a non-zero scalar. We therefore write o and omit scalar factors,

which are immaterial for circuit optimisation.
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‘ LEMMA 11 GH-to-graph-like conversion. Fvery ZX-diagram in GH form can

be transformed into an equivalent graph-like ZX-diagram.

Proof. Let D be in GH form. Whenever two spiders are joined by an ordinary
wire, fuse them along that wire. This removes one spider and turns every other edge

between the pair into a self-loop. These self-loops can be removed using the following

D6 08C m) B 3 s

The first identity follows from spider fusion, and the second identity can be derived

identities:

as follows:

©

[
W DEEE oy

Repeating this process removes every ordinary wire between spiders. Any remaining

connections between two spiders are therefore Hadamard edges. Parallel Hadamard

edges cancel in pairs using the Hopf law (a):

X@@ x X@ @

Finally, we enforce the boundary conditions. Two kinds of defect can remain. First,
a boundary may not be connected to a Z spider. Such a component is either a bare
wire or a wire containing a Hadamard box; in either case, applying identity (il) and
Hadamard cancellation (i2) from right to left inserts a phaseless Z spider. Second,
several boundary wires may meet the same Z spider. Applying the same construction
to all but one of these wires gives each boundary its own spider:

—— = -00000- —O— = -0n0-

@ - -0m000

The resulting diagram is equivalent to the original diagram and satisfies all the
requirements of a graph-like diagram [19]. O
Since every ZX-diagram can first be converted into GH form, Lemma 11 implies that

every ZX-diagram admits an equivalent graph-like form (See Figure 7).

3.5 GRAPH STATES AND AP FORM

By bending its input wires into outputs, every non-zero Clifford ZX-diagram
can be viewed as a stabiliser state, up to a non-zero scalar. This correspondence,
known as the Choi-Jamiolkowski isomorphism, lets us study Clifford ZX-diagrams
using stabiliser theory [66]. We first describe stabiliser states through their Pauli

generators, then introduce their graphical normal forms.
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(1) Initial Diagram (2) GH Form

Figure 7: Conversion of a red-green ZX-diagram to GH form and then to graph-like form.
3.5.1 Stabiliser states
A Pauli operator P stabilises a state 1)) when P|y) = |¢). Its Pauli stabiliser is

Stab(|)) = {P € %, | Ply) = |¥)}. (58)

A stabiliser group is a subgroup of the Pauli group that does not contain —I. Its
elements are mutually commuting, signed Hermitian Pauli operators. The generators
are independent if none can be written as a product of the others.

An n-qubit stabiliser state is the common +1 eigenstate of n independent
commuting Pauli generators whose group excludes —I. These generators determine
the state uniquely up to global phase [68]. Their products give all 2™ stabilising

Paulis, so n signed Pauli strings provide an O(n?)-bit description of the state.

ExaMPLE 11 For the Bell state in Figure 3,

_[11) + |00)
V2

_ [00) + 1)

X, X,|97) 7

=[®7), Z,Z,|®T) =[®7).  (59)

Hence
Stab("I)Jr)) = <X1X2»le2> = {I7X1X2,2122>—Y1Y2}- (60)

The Z,Z, condition restricts the state to the span of |00) and |11), while X; X,
fixes their relative sign. The product —Y|Y, = (X, X,)(Z,Z,) also illustrates that

multiplying Pauli labels requires a sign update.

Stabiliser states are exactly those obtainable from |0™) by Clifford circuits [28], [68].
Clifford conjugation transports their stabilisers with the state:

Stab(U|w)) = U Stab(|y))UT. (61)
Indeed, P|¢) = |¢) implies (UPUT)U|y) = Uly).
3.5.2  Graph states

For a simple graph G = (V, E) on n vertices, its graph state is prepared by placing
each qubit in |[+) and applying a CZ gate along each edge:
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G)= J[ CZy,[+)®" (62)

(u,v)EE

In the ZX-calculus, this preparation is represented by one zero-phase Z spider and

one output for every vertex, with a Hadamard edge for every edge of G [11]:

G |G)

Graph states are stabiliser states. Applying X at a vertex and Z at each of its
neighbours leaves the state unchanged, as illustrated in Equation 64. Each vertex

therefore gives a stabiliser generator

=X, [[ 2. vevV, (63)
u€EN (v)

so Stab(|G)) = (B, | v e V) [69].
For the graph G shown here, copying the red 7 spider through vertex u produces

a green 7 spider at each neighbour, cancelling the three Z gates. The equality is

exact:

XuZyZuwZy: |G) |G)

Uu, U,
B S A o (64)

o—

Graph states are useful because every stabiliser state can be obtained from a graph

-

state by applying single-qubit Clifford operators. An n-qubit local Clifford has the
tensor-product form C) ® ... ® C,,, with each C; a one-qubit Clifford.

THEOREM 12 (Van den Nest, Dehaene, and De Moor [70]): Every stabiliser state
admits a graph state with local Cliffords (GSLC) representation

) =(C;®..0C,)|G) (65)

up to global phase.

The GSLC representation is not unique: local complementations can change the
graph while local Clifford corrections preserve the represented state up to global
phase. A local complementation at a vertex u complements the subgraph induced by

N¢(u), leaving every vertex and all other adjacencies unchanged. The corresponding
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local Clifford applies X = to u and Z=x to each of its neighbours [19]. The example

in Equation 66 keeps every graph-state vertex.

Rx,(—=Z) S, Su S, |G) G * u)

\ts [ i \t\
s, S,

N, N,
(RN i \,
NN i
(B i
[ i
W —

1

-

( _ o (66)
'LU:{\ \\“ (:) wo_\‘“ |
bﬂ? @ oac_

A pivot along an edge uv is the composition G A uv = G * u * v * u. It preserves u

and v while rearranging the edges among their neighbours. On graph states, pivoting
is implemented by Hadamards on v and v and a Z,_ gate on every common neighbour

[19]. In Equation 67, the common neighbourhood is {w}, so the operation is H,H,Z,),.

H.,H,Z,|G) |G A uv)
U, U
\o—o— | o (67)
wjl\\ ( ) QUG'_ E
\bx Oa:_

It turns out that local complementations completely characterise equivalence be-

tween graph states up to local Clifford operations.

THEOREM 13 (Van den Nest, Dehaene, and De Moor [70]): Two graph states
are related by local Clifford operators, up to global phase, if and only if their graphs

are related by a sequence of local complementations.

3.5.3 Affine-with-phases form

Affine-with-phases (AP) form provides another representation of stabiliser states,
using affine binary constraints and a phase polynomial. It arises during Clifford
simplification, after local complementation and internal pivoting, before boundary

pivots convert the diagram to GSLC form [1].
DEFINITION 14 A graph-like Clifford state is in affine-with-phases (AP) form

when every internal spider has phase b,m, with b, € [F,, and is adjacent only to
boundary spiders [71].
Each internal spider, together with its Hadamard edges to the boundary, can be
interpreted as a projector (defined in Section 3.3) applied to |+)®". Together, these
commuting projectors select an affine subspace of FJ'. The phases and Hadamard

edges on the boundary can be interpreted as a diagonal Clifford unitary built from
S and CZ gates [61].
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ExAMPLE 12 This AP diagram has affine support A and phase polynomial gp.
Its decomposition prepares |+)®4, applies parity projectors, and then applies CZy 5
and local S gates, up to a non-zero scalar:

HD]] X Z 7:qD(X)|x17 s ,$4>
x€A

(mD)—21 A= {x €T
4
::;\ x3 ap(x) = ijxj + 2xox3 (mod 4)
j=1

1 D T2 D xy :bla}

1B x3PTs =0

N——
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A benefit of AP form over GSLC form is that it admits a unique normal form. Writing
the affine equations defining A in reduced row-echelon form (RREF), eliminating
bound variables from ¢p, and fixing coefficient representatives gives the reduced AP
form. For every non-zero state with a fixed boundary ordering, this form is unique
up to a non-zero scalar. See Kissinger and van de Wetering [61], Section 5.5, for
details.

3.6 GRAPH-LIKE SIMPLIFICATION

The full_reduce procedure, described by Duncan et al. [19] and later extended by
Kissinger and van de Wetering [20], simplifies graph-like ZX-diagrams by removing
spiders and combining phases. We now describe these rewrites and examine the
resulting forms for CNOT, Clifford, and Clifford+T circuits.

3.6.1  Clifford reduction to GSLC' form

We start with the three rewrite rules used by Duncan et al. [19], which we call
the Clifford simplification rules.

The local complementation rule (LC) follows from the graph-state identity of
the same name in Equation 66. Given an internal proper-Clifford spider u, (LC)
applies the local-complementation graph transformation, changes the phases of its

neighbours N(u), and then removes the spider.
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@ e o
SO @l )

Exhaustive application of (LC) removes every internal spider whose phase is an odd

multiple of 7. The remaining internal Clifford spiders are Pauli, and the pivot rule
(P1) removes any adjacent pair u and v. In the diagram, the sets of spiders {«;},
{7;}, and {B;} denote u’s exclusive neighbourhood, v’s exclusive neighbourhood,
and their shared neighbourhood N(u)N N(v), respectively. The rule applies the
displayed Pauli phase updates and toggles the connections between these three
neighbourhoods. When the shared neighbourhood {f;} is empty, this is analogous
to the bialgebra rule.

st [
. ~. p
. !

i S/ Y i - ‘\\ o™ TN /’/
;Qj +ﬁllcj_— 1)13- QJ +ﬁfci 1)9(

After exhaustive application of (LC) and (P1), every remaining internal spider has

phase 0 or 7 and is connected only to boundary spiders. Bending the inputs into
outputs gives a state in AP form (Definition 14) [1]. Figure 8 illustrates this for a

three-qubit circuit.

Figure 8: Simplification of a Clifford circuit (top left) to a graph-like diagram (top right), up to a
non-zero scalar. Bending the inputs into outputs via the Choi-Jamiotkowski correspondence gives the
AP form below, where the internal spiders p,, p,, ps represent parity projectors.
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The boundary-pivot rule removes the remaining internal Pauli spiders, converting
AP form to GSLC form. First, we unfuse a neighbouring boundary wire so that its
boundary spider becomes internal, then apply (P1). The remaining spider becomes

the new boundary:

(BP)

~~~~~~~~

Together, exhaustive application of the Clifford simplification rules eliminates all

internal spiders in a Clifford ZX-diagram. This yields the following two results.

THEOREM 15 (Normal form for CNOT circuits) Let C be an n-qubit CNOT
circuit, and let Dy and An € GL(n,T,) be its associated graph-like ZX-diagram and
parity matriz. The procedure using (LC), (P1), and (BP) through output-boundary
spiders rewrites Dq to the unique bipartite GSLC form below. Its Hadamard-edge

connections have Ay as their biadjacency matriz.

T Y1
&;:- ____________ 'O D
vy e
—O =O—0O—
. e .
O,—' . c D
Tn Yn

Proof. This is the graph-like version of the parity normal form described by
Kissinger and van de Wetering [61], using a slightly different ruleset.

Proper Clifford spiders do not feature in the initial diagram and cannot be
introduced by (P1) or (BP), so (LC) is never applied. Applying (P1) until no match
remains eliminates every adjacent pair of internal Pauli spiders. Each remaining
internal Pauli spider is then eliminated by a boundary pivot through an output-
boundary spider; this introduces the displayed Hadamard on that output. Repeating
these steps leaves the bipartite GSLC graph shown above. It is straightforward to

check that this form is unique over the basis states. O
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THEOREM 16 (Pseudo-normal form for Clifford circuits) Let D be the ZX-
diagram corresponding to a Clifford circuit. Repeated application of (LC), (P1),
and (BP) transforms D into a graph-like ZX-diagram D’ with no internal spiders,

up to single-qubit unitaries on its inputs and outputs.

Bending the input wires into outputs, as in Figure 8, gives a GSLC representation
of the corresponding Choi state, with one graph vertex for each input and output
wire. Each displayed phase is an independent multiple of 5 : the coefficients k;, £; €
Z, are chosen independently for each boundary vertex. The Hadamard edges on
the boundary correspond to CZ gates. This representation gives the following eight-

layer decomposition of Clifford circuits:

H+ S+ CZ+CNOT+H + CZ+S + H,

Here, each H layer contains at most one Hadamard per wire, each S layer contains

between zero and three S gates per wire, and the CZ and CNOT layers may contain

arbitrarily many gates of the indicated type.

Proof. The GSLC form is obtained as in Theorem 15; see Duncan et al. [19],
Theorem 5.4, for the proof. The eight-layer circuit form follows by expressing edges
between input-boundary spiders, and those between output-boundary spiders, as CZ
gates. The remaining graph is then the CNOT normal form described in Theorem 15,
but without the final Hadamard layer. The resulting sequence of layers is displayed
explicitly below.

—_— —~\— ——  —~— M~

H S CZ CNOT+H CZ S H

3.6.2 Phase-gadget rewrites
When the Clifford simplification rules are applied to non-Clifford ZX-diagrams,

internal non-Clifford spiders can remain. Kissinger and van de Wetering [20] extend
the Clifford simplification strategy with four rules that turn such phases into gadgets
and then absorb or combine those gadgets. We call these rules the phase-gadget
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extension, and their union with the Clifford simplification rules the full-reduction
rules.

Recall from Section 3.3 that, in graph-like form, a phase gadget consists of an
arity-one phase spider joined by a Hadamard edge to a zero-phase body spider.
Its body can occur anywhere in the graph-like skeleton, with its Hadamard-edge

neighbours as targets.

Two direct simplifications act on gadgets. A gadget with one target is absorbed into
that target by (ID), adding their phases. Two gadgets with the same complete target
set fuse by (GF), again adding their phases modulo 27.

©
3 (ID)

@ - @ :

@ a+ g
Q Q (GF)

e N,

The remaining two rules handle an internal Pauli spider jr, where j € {0, 1}, adjacent
to a spider of arbitrary phase a. As in (P1), the spiders labelled «;, v;, and 3, are
adjacent exclusively to jm, exclusively to a, and to both, respectively. If « is internal,
(P2) removes jm and turns « into a phase gadget. If « is a boundary spider, (P3)
moves its boundary and creates the gadget. Taken together, (P2) and (P3) subsume
the boundary-pivot step (BP), extending it to arbitrary-phase neighbours in the
internal and boundary cases. The displayed signs and boundary Hadamard are part

of these projective rules [20].

(P2)
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1 procedure full reduce(D)

2 repeat

3 | apply (LC) exhaustively

4 | apply (P1), (P2), and (P3) exhaustively

5 | remove every Clifford phase gadget using (LC) and (P1)
6 | apply (ID) and (GF) exhaustively

7 until neither (ID) nor (GF) was applied in the pass

8

return D

Algorithm 1: Full reduction of a graph-like ZX-diagram.

(P3)

3.6.3  Full reduction and phase teleportation
The Clifford and phase-gadget rules studied above can be combined into the

full-reduction algorithm of Kissinger and van de Wetering [20], summarised in
Algorithm 1.

Every step removes a spider or phase gadget, so the strategy terminates. For a
graph-like input with n spiders, it performs at most n simplifying steps. A step may
toggle edges among neighbourhoods of size at most n, giving an O(n3 ) upper bound
in elementary graph operations [20].

The procedure in Algorithm 1 returns a diagram in reduced gadget form, defined

by Kissinger and van de Wetering [20] as follows:
DEFINITION 17 A graph-like ZX-diagram is in reduced gadget form when:

e every internal spider is non-Clifford or belongs to a non-Clifford phase gadget;
e every phase gadget has more than one target; and

e no two phase gadgets have the same target set.

Phase teleportation can be used to combine non-Clifford phases without extracting
a new circuit or changing the original circuit structure. PyZX’s teleport reduce
applies full reduce to a copy of D while maintaining an auxiliary map ® from
the resulting phase combinations to their original circuit locations. If gadgets fuse
or their phases change, ® is updated accordingly. The final phase values are then
transferred back to the original circuit, leaving its connectivity and non-phase gates
unchanged [20]. We study phase teleportation and its optimality for parametrised
ZX-diagrams in Chapter 4.
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3.7 PAULI WEBS

Bombin et al. [72] introduced Pauli webs as a graphical method for identifying
the checks and stabilisers of ZX network diagrams. Developed for stabiliser fault
tolerance, Pauli webs track Pauli information through Clifford ZX diagrams. The
Pauli labels on the inputs and outputs of a diagram record the action of a Clifford
map on Paulis and collectively determine its tableau. We later use this correspon-

dence as an interface between ZX diagrams, tableau synthesis, and circuit extraction.

DEFINITION 18 Let D be a Clifford ZX-diagram. A Pauli web on D assigns a
label from {I,X,Y,Z} to every half-edge. We draw X support in red, Z support
in green, and Y support in both colours. The labelling is valid when:

o the labels agree across an ordinary edge, while across a Hadamard edge they are
related by Hadamard conjugation, ignoring phase, so X and Z are exchanged
while I and Y are unchanged;

e at a spider with phase 0 or m, an even number of incident half-edges have
support in the spider’s own colour, while support in the opposite colour occurs
on either all or none of them; and

e at a spider with phase +7, either an even number of incident half-edges have
support in its own colour and none in the opposite colour, or an odd number

have support in its own colour and all have support in the opposite colour.

Here the own-colour support of a Z-spider is Z, and that of an X-spider is X [73].

K K K

Figure 9: Example Pauli webs on single spiders. Green and red highlighting denote Z- and X-type
support, respectively; overlapping highlighting denotes Y support. Adapted from Rodatz, Poér, and
Kissinger [73].

For a Clifford unitary U, a web with input Pauli B, and output Pauli P, records

URU' =P

out*

(75)

Webs on the CNOT GSLC normal form of Theorem 15 never mix X- and Z-type
support. If A is its biadjacency matrix, the generator webs assemble the phase-
free tableau diag(A”, A™!) from Equation 33. Thus the CNOT parity map already
contains the complete phase-free Clifford action.
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ExAMPLE 13 The following are the six generator webs of the three-qubit CNOT
circuit from Example 1, ordered as X;, X5, X5 (top) and Z;, Z,, Z5 (bottom). Their
output labels give the phase-free Clifford action of this circuit.

E ﬁg:l: RESE

For Clifford circuits, a Pauli generator can be mapped to a string containing both
X and Z, as Example 14 shows.

ExaMPLE 14 The following six webs are obtained by propagating each input
Pauli generator through a three-qubit Clifford GSLC diagram, ordered as
X, X5, X5 (top) and Z,, Zy, Z5 (bottom). Each output Pauli supplies the corre-
sponding row of its operation tableau.

X1 Z1 ) O ) )
—C< ----- -O-\_ O S O O S O
~s \Zo X2 = 22 P S Ot
O SRS\t ==z O— O O—
O O— T % !
ey v O @' —?’(:)—------C%}i
O 2/ 2/
41 X1 X1 Z1
——— (-~~~ —O= O

Z3

00
B

CE].

o) J)
(E].
000
::éq_

Reading the output labels in the tableau row order (X, X,, X5, Z;, Z5, Z3) gives

Ty Ty Ty 2y Zo Zg r

x, [oool1t 10 of A
X, |00 0f/0o 10 o Z
X, |00 o000 1 o0 Zy
Z |1 00001 o0 X, Z,
Z, |11 0[00 1 0| XX,2
Z, 00 1|10 1 0] 7,

Pauli webs thus let us read the Clifford tableau directly from a ZX-diagram. For non-
Clifford diagrams, the ZX-flow criterion uses a generalisation called Pauli semiwebs.

Diagrams satisfying this criterion can be efficiently extracted into quantum circuits
[74].
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CHAPTER I \'

Optimal Compilation of Parametrised
Quantum Circuits

Parametrised quantum circuits (PQCs), defined in Section 2.3.5, are families
C(g) obtained by varying gate angles g within a fixed circuit structure, known as
an ansatz. These circuits are used in variational quantum algorithms (VQAs), where
a classical optimiser varies the gate angles g to optimise an objective evaluated
on a quantum processor [38]. Prominent examples include the variational quantum
eigensolver (VQE), which minimises the expected energy of a Hamiltonian over an
ansatz family [75], and the quantum approximate optimisation algorithm (QAOA),
whose alternating operator layers define an ansatz for combinatorial optimisation
problems such as MAX-CUT [76]. Trainable PQCs are also used as models in
quantum machine learning [77-78].

A useful ansatz must be expressive enough to represent good solutions while
remaining sufficiently shallow and trainable. The expressiveness of an ansatz can be
characterised through its dynamical Lie algebra [79], or through an effective quantum
dimension derived from the quantum Fisher information [80]. However, expressive-
ness and trainability can be in tension: as an ansatz approaches a unitary 2-design,
its gradient variance can decrease and its cost landscape flatten, making optimisation
more difficult [81]. An ansatz can contain redundant parameters: removing them

preserves the circuit family and hence its expressiveness.

This chapter studies parameter redundancy through compilation. Given a PQC

family C (5), we ask whether it can be compiled into a circuit C’ () with fewer inde-

0) Ry [ Ry . . Ry (] Rx | Rz
0) Ry . Rx (] [y Ry | Rz

Figure 10: An example of a parametrised quantum circuit ansatz. Circuit 6 of Figure 2 from Sim et
al. [82]
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pendent symbolic angles, such that every original assignment g has a corresponding
reduced assignment ¢ implementing the same operation up to global phase.
The simplest example of such a reduction occurs when two adjacent parametrised

rotations are about the same axis:

— Rz(Oél) — Rz(ag) — = — RZ(a1 +O[2) —

The same principle merges multi-qubit phase rotations that act on the same parity
function, as in sum-over-paths methods. In a Pauli-exponential representation, it
likewise merges rotations about the same Pauli axis once commutation relations
bring them together. We refer to these techniques collectively as phase folding [1].

Eliminating redundant parameters can reduce both circuit implementation costs
and training time. Fusing rotations can expose further cancellations and reduce the
number of error-prone two-qubit gates [9]. During training, fewer independent para-
meters generally require fewer circuit evaluations for each full-gradient estimate [83],
reducing the time per optimisation step. The classical optimiser also searches a lower-
dimensional space after removing parameter directions that leave the implemented
operation unchanged.

The same compilation techniques can also be used to reduce T-count in
Clifford+T circuits. Since T = RZ(%), each T gate can be treated temporarily as
an independent symbolic phase, provided that every compilation step remains valid
for all assignments of those phases. PyZX’s phase teleportation [20] and TOpt [40]
follow this principle, reducing T-count through phase folding without using identities
specific to the angle 7.

Although both algorithms reduce T-count through phase folding, they use very
different representations. PyZX applies MBQC-inspired graph rewrites to ZX-dia-
grams, whereas TOpt represents T gates as Pauli exponentials and merges them
according to Clifford commutation relations. Nevertheless, they produce circuits
with matching T-counts on the benchmark circuits in Figure 11. Simmons explains
this coincidence by relating graph-like ZX-diagrams to Pauli Dependency DAGs
through a bisimulation based on Pauli flow. Another possible explanation is that
both methods attain the same optimum within the class of algorithms restricted to

phase folding. This had not been proved before this work.

For parametrised Clifford circuits in which every parameter occurs on a unique

rotation gate, we make five contributions.

CHAPTER CONTRIBUTIONS
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Ins |Outs|Sign
X |r |+ (@bh-a)— Xk o) — (N1Xo, —03) — (Z1hy, — %)
~ X 7 X| + ] "Xz, —as)
+ —
7zl ozl + (hZ2,—a1) — (X2, 04) — (Y2, —07)

(b) TOpt

Adder8 VBE3 QCLA7 GF24 GF25 GF26 GF27 GF28
PyZX 173 24 237 68 115 150 217 264
TOpt 173 24 237 68 115 150 217 264

Figure 11: Illustration of the intermediate representations used in [20] and [40], and their identical
final T-counts for various benchmark circuits. Diagram (b) is taken from Simmons. [39]

1. Reduction model. We introduce affine reductions (Definition 31) and affine
parsimonious reductions (Definition 32) between parametrised quantum circuits.
In an affine reduction, each output angle is an integer-affine combination of the
input angles. An affine reduction is parsimonious if no input parameter is copied
to more than one output location. Together, these notions formalise the black-
box transformations generated by phase folding and Clifford rewrites.

2. Parametrised Clifford completeness. We extend the completeness of the
Clifford ZX-calculus (Theorem 7) to parametrised Clifford diagrams with uniquely
occurring, non-trivial parameters. If two such diagrams are equal up to a non-zero
scalar for every parameter assignment, then there exists a single uniform sequence
of Clifford rewrites that proves their equality for all assignments (Theorem 28).

3. Optimality of phase teleportation. We prove that the phase-teleportation
algorithm of [20], reviewed in Section 3.6.3, efficiently produces a circuit with the
minimum parameter count obtainable by an affine parsimonious reduction. Each
output angle in the reduced circuit is a signed sum of input angles plus a constant
Clifford offset (Theorem 39).

4. Explaining the matching T'-counts of PyZX and TOpt. We show that
PyZX’s phase teleportation [20] and TOpt [40] attain the same optimum when
T gates are treated as black-box phase gates. This explains their matching
benchmark T-counts: both are optimal under phase folding, without using 7T'-
specific identities (Figure 11; Section 4.4.1).

5. MBQC optimality and hardness under relaxed assumptions. We extend
the optimality result to unitary measurement-based computations with gflow in
which each arbitrary-angle measurement has a distinct parameter (Theorem 42).
Parameter optimisation is NP-hard if the discrete gate set includes T gates
(Proposition 46) or if parameters may repeat in post-selected Clifford circuits
(Proposition 49). The complexity of repeated parameters in ordinary unitary

circuits remains open.
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The chapter proceeds as follows. Section 4.1 introduces parametrised circuits in the
ZX-calculus and establishes completeness of the Clifford+parameters fragment. Sec-
tion 4.2 defines parametrised Clifford circuits and the affine parsimonious comparison
class. Section 4.3 applies phase teleportation to symbolic parameters, establishes the
required properties of parsimonious affine reductions, and proves that the resulting
parameter count is optimal. Section 4.4.1 compares the PyZX and TOpt realisations
of phase folding. Section 4.4.2 extends the optimality result to measurement-based
quantum computations with gflow, while Section 4.5 studies what happens when
the assumptions on the gate set and parameter occurrence are relaxed. Finally,
Section 4.6 summarises the limitations and open problems. Supporting results about

parameter-dependent scalars are collected in Appendix B.

4.1 PARAMETRISED CLIFFORD COMPLETENESS

We allow independent parameters as spider phases alongside Clifford phases,
giving Clifford+phase diagrams. The fusion rule holds for arbitrary phase labels, so
any adjacent spiders of the same colour in a Clifford+phase diagram may be fused,
whether their phases are Clifford or parametrised. The completeness argument treats
each parametrised spider as an input to an otherwise Clifford diagram and shows
that the same rewrite system remains complete for this fragment.

Previous work has used the ZX-calculus to analyse PQC expectation values,
gradients, and ansatz structure [84], and to check equivalence between parametrised
circuits symbolically [85]. We ask whether the Clifford rewrite rules can prove every
valid equality between Clifford+phase diagrams using a single sequence of rewrites
that works for all parameter values.

Throughout this chapter, phase parameters take values in S! := %. Parameter
assignments are nevertheless written as @ € R¥, with every component understood

modulo 27.
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DEFINITION 19 A parametrised diagram with k parameters D is a ZX-diagram
that is entirely Clifford, apart from the phases & = (aq,...,q) that are each
present al most once in the diagram. For each choice of a; € S 1 the following holds:

— o

D[al,.4.7ak] : - : D’ :
— —

where the equality is exact, including scalar factors, and D’ is a Clifford diagram.

The diagram is drawn as a state, with no input wires, without loss of generality.
If some phase «; is not present in Doy, ..., oy, a Clifford diagram D’ can still be

found because

(0 o=—o0 =

The notation D denotes the ZX-diagram with abstract parameters and D[a] the

diagram instantiated at particular values o, ..., ay.

4.1.1  Exact equality

Consider two Clifford+phase diagrams D; and D, with the same parameters,
and let D] and D; be their associated Clifford diagrams defined above. Suppose
that D, [@] = D,[a] for every parameter assignment a&. We show that Dj = D, apply
Clifford completeness, and reattach the parametrised phases to obtain a rewrite valid
for every a.

DEFINITION 20 Write |+,) = |0) + e**|1), graphically:

@7

Note that these are unnormalised states, so |[+o) = v/2|+).

LEMMA 21 Let o, 8 € R be two different phases modulo 2m. Then |+,) and |+4)
form a basis. Writing |+.,) = a|+,) + b|+5), the coefficients satisfy a+b =1 and

L T L (76)

In the special case a« =0 and B =m, a —b = e¥.
Because each parameter occurs only once, the states |+aj> can be varied inde-
pendently. By Lemma 21, choosing two distinct values for each phase gives a
tensor-product basis for the full input space of D’. The corresponding parameter
assignments therefore determine the action of D’ on that space. If a parameter
occurred more than once, several inputs would be constrained to receive states with
the same phase, and the resulting assignments might span only their symmetric
subspace. Allowing repeated parameters also makes parameter optimisation NP-hard

for post-selected circuits (Section 4.5).
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ProprosiTiON 22 The Clifford rules are complete for parametrised Clifford
diagrams. Let D; and D, be parametrised diagrams with the same number of
parameters and suppose D, [a] = Dy[a] for every choice of ay,...,a;. Then D] =
Dj, and D,[a] and Dy[@] can be uniformly rewritten into one another using the
Clifford rewrite rules of the ZX-calculus.

Proof. Let ) = a|+q) + b|+,) be an arbitrary, not necessarily normalised, qubit
state. Graphically,

<

y=a 0— +b ®O—
Hence:

%)

S
I
S
S
+
>

O i [
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>
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Dy|: = = | D
L

Since the two linear maps agree on every state plugged into this input, they are equal:

Dy

CRTNCRCT,

Oluli - ©nl:

S

Dy
& AN

Repeating this argument for each remaining parameter gives Dj = DJ. These are

Clifford diagrams representing the same linear map, so Clifford completeness provides
a sequence of Clifford rewrites from Dj to D;. Restoring the parametrised phases

does not affect the applicability of these rewrites, giving a uniform rewrite from
D, [a] to D,[a]. d

REMARK 23 The proof does not require the diagrams to be equal for every choice
of a. It suffices for the diagrams to agree on two different values of a; for each j.
This is because {|+,),[+5) } forms a basis of the qubit state space if o # 3. This
is a special case of verifying parametrised equations using a finite number of cases
[86]. In particular, if a parameter occurs k times, equality must be verified at k +

1 different values of that parameter. This is because the symmetric subspace of k

qubits is (k 4 1)-dimensional.
4.1.2  Equality up to a scalar

For circuit equivalence, we need equality up to global phase. More generally, we

allow ZX-diagrams to differ by a scalar:

D,[a] = M@) Dy[a] (77)
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for an arbitrary non-zero scalar A\(@). The dependence of this scalar on the para-
meters introduces an additional complication: a parameter may be redundant up
to scalar. Under exact equality, two parameter values determine the action of the
underlying Clifford diagram on a basis. Up to scalar, the proportionality factor may
depend on the parameter value. If varying a parameter changes only this factor,
its different values provide no information about the relative scaling of the corre-
sponding basis states. Such a parameter is called trivial. We will show that \(a&) is
constant when all parameters are non-trivial. We can then apply exact parametrised

completeness up to a fixed Clifford scalar.

DEFINITION 24 Let D[a,g] be a parametrised diagram. The parameter « is
trivial if there is a Clifford assignment se (gZ)m for the other parameters and
two values 6 # ¢ mod 27 such that D [0,5] x D [cp, S] Otherwise a is non-trivial.

LEMMA 25 If a is trivial in D [a, (5] then for the same fixed Clifford assignment

S the diagrams D [0,5] are mutually proportional for all values of 6.

Proof. Since « is trivial, choose distinct 3, such that D[B,cﬂ = uD [7, 5] For an
arbitrary 6, Lemma 21 supplies a, b with |+) = a|+4) + b|+,). Linearity in the open

parameter input gives
D[0,5] =aD|[B,] +bD[v,d] = (ap+b)D]v,5]. (78)

Thus every value is proportional to the fixed diagram D [fy, 5] O

PROPOSITION 26 Fvery uniquely occurring parameter of a unitary circuit built

from phase gates R, (aj) is non-trivial in its ZX translation.

Proof. Fix the other parameters and isolate one occurrence as C(«a) = U,R (o) Uy,
where U; and U, do not depend on a. If C(a’) x C(«a), then C(a’)TC(a) is propor-

tional to the identity. However,
C(a)'C(a) = U/ R (o — o). (79)

Conjugation preserves whether an operator is scalar, and R,(a — ') is scalar only
when a = o’ mod 27. Thus two distinct parameter values modulo 27 cannot give

proportional circuit operators. O

ProproOSITION 27 Let D; and D, be parametrised diagrams with the same

parameters, all non-trivial in Dy . If
Dyla] = Ma) Dy|d] (80)

for every & and some function X : R — C\ {0}, then there is a constant X' € C \
{0} such that D] = X' Dj.

The proof is given in Section B.1.1.
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THEOREM 28 Let D; and D, be parametrised Clifford diagrams with the same
parameters, all non-trivial in Dy, and suppose D;[a] = \(a)Dy[a@] for every &,
where A\(a@) # 0. Then there is a Clifford scalar diagram S such that D] = S ® Dj,
and the Clifford ZX rules uniformly rewrite D;[a] into S ® D,[a].

Proof. By Proposition 27, there is a constant non-zero scalar p such that D] =
wD}. If both open diagrams are zero, take S = 1. Otherwise, the tensor-product basis
from Proposition 22 gives a Clifford assignment & € {0, 7}* for which D, [S] +0. At

this assignment,
Dy [8] = uD, [8]. (81)

Both evaluations are Clifford diagrams, so u is represented by a Clifford scalar
diagram S [62]. Hence D,[a] =S ® D,[a] for every parameter assignment. Exact
parametrised completeness (Proposition 22) supplies a single sequence of Clifford

rewrites between these diagrams, uniformly in the parameters. O

4.2 PARAMETRISED CLIFFORD CIRCUITS AND REDUCTIONS

We restrict the PQCs of Section 2.3.5 to Clifford gates and parametrised Z-phase
gates, and compare circuits up to a parameter-dependent global phase.
DEFINITION 29 A parametrised Clifford circuit (PCC) with k parameters is a
circuit consisting of Clifford gates and Z-phase gates R, (aj), where each para-

meter o; occurs on exactly one phase gate.

DEFINITION 30 A parametrised diagram D, with parameter space (S 1)k reduces
to a parametrised diagram D, with parameter space (Sl)l when there exists a
function f : (Sl)k — (Sl)l such that

Dy[a] = M@)Dy[f ()] (82)

for all @, where : (Sl)k — C\ {0} is a global scalar function. When both

diagrams represent unitary circuits, |A\(@)| = 1 automatically.

Phase folding and Clifford rewrites transform phase angles by adding input angles,
changing their signs, and introducing constant Clifford phases. We therefore use

integer-affine reductions to describe these transformations.

DEFINITION 31 A parametrised diagram D, affinely reduces to D, when, for

all a,
D, [a] = Ma)Dy[Ma + ¢] (83)

modulo 27, for an integer matrix M, a constant vector ¢, and a global scalar

function A.

64



OPTIMAL COMPILATION OF PARAMETRISED QUANTUM CIRCUITS

An affine map can copy one input parameter into several output angles: «;
contributes to every row for which the jth column of M is non-zero. Phase folding
combines parameter occurrences rather than duplicating them, so such copying is

excluded.
DEFINITION 32 An affine reduction is parsimonious if M has at most one non-

zero entry in each column. Thus no input parameter is copied into more than one

output location.

DEFINITION 33 The affine parsimonious parameter optimisation prob-
lem for Clifford circuits is to find, for a given PCC C}, a PCC C, with the
fewest parameters obtainable from C] by an affine parsimonious reduction.

4.3 OPTIMALITY OF PHASE TELEPORTATION

We prove that phase teleportation [20], reviewed in Section 3.6.3, minimises the
parameter count under affine parsimonious reductions. Recall that phase teleporta-
tion applies full reduction to a symbolic ZX representation of the circuit and transfers
the resulting phase combinations back to the original phase locations. Redundant
locations are set to zero, while the non-phase gates and circuit connectivity remain

unchanged.

4.3.1 Phase teleportation and reduced gadget form

PROPOSITION 34 Let Cla] be a PCC with k uniquely occurring parameters.
Applying full reduction to its symbolic ZX-diagram produces a diagram D[B] with
l parameters such that:

1. D is in reduced gadget form; and

2. for some P € {—1,0,1}*% ¢ ¢ (%Z)l, and global scalar function X,

Cld] = A(&)D[Pé + &, (84)

where P has exactly one non-zero entry in each column.

Consequently, the corresponding phase-teleportation update is an affine parsimo-

nious reduction from C to a circuit with | parameters.

Proof. For the first claim, the reduced-gadget-form criteria are exactly the exit
conditions of full reduction. Since every successful step removes a spider or phase
gadget, the procedure terminates and its output D is in reduced gadget form [20].
For the second claim, track the invariant that every input parameter occurs with
coefficient +1 or —1 in at most one symbolic phase label, while every constant term is
a Clifford multiple of 7. This holds initially because the phase labels contain distinct
input parameters. Local complementation and pivoting only change signs and add
Clifford constants, while gadget absorption and fusion combine labels with disjoint

parameter supports, since parameters are never copied.
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The surviving labels therefore have the form

B = Pa+é. (85)
Here P € {—1,0,1}** has at most one non-zero entry in each column and ¢ € (gZ)l.
A zero column would make the right-hand side independent of the corresponding
input parameter up to a scalar, contradicting Proposition 26. Thus every column
has exactly one non-zero entry. Taking B to consist of the surviving symbolic labels
also ensures that P has no zero rows.

Every graphical rewrite is sound, giving the stated equality. Phase teleportation
transfers each surviving label back to one of its original phase locations and sets the
other locations contributing to that label to zero. The resulting circuit therefore has
[ parameters, given by the rows of Pa + ¢, and is equivalent to C[a] up to global
phase. Since P has at most one non-zero entry in each column, this is an affine

parsimonious reduction. O
4.3.2  Properties of parsimonious affine reductions

A parsimonious affine reduction can neither discard a non-trivial input parameter

nor multiply it by an integer other than +1 or —1.

LEMMA 35 Let D; and D, have k and | parameters, suppose every parameter of

D, is non-trivial, and let
D, [a] = A(a)D,[Pa + c] (86)

be a parsimonious affine reduction. Then every column of P has a unique non-

zero entry, and that entry is +1 or —1.

Proof. Fix a column j of P. By parsimony, it is either zero or contains a unique
non-zero entry. If column j were zero, then fixing the other input parameters to zero
would leave the right-hand side independent of ;. This is impossible because every
parameter of D; is non-trivial. Therefore column j contains a unique non-zero entry
r= P”

Define E, [0] = D, [0¢;] and E,[0] = D,[¢ + 0€;]. Restricting the reduction to the
jth input parameter gives F,[0] < E,[rf], as represented by:

C)— B | = M) CD— B
Since 7 is a non-zero integer, either 7 = 41 or |r| > 2. Suppose |r| > 2. Then 2% and

0 are distinct modulo 27, but periodicity gives

E, [27”] x B,[27] = E,[0] « Ey[0]. (87)

With all other input parameters fixed to zero, this says that two distinct values
of a; give proportional diagrams. Thus «; is trivial, contradicting the hypothesis.

Therefore r = 41. O
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When every target parameter is used, Lemma 35 also supplies a parsimonious right
inverse for the parameter map. Thus, to prove optimality, it suffices to show that

the reduced diagram admits no further reduction in parameter count.

COROLLARY 36 Let D; have non-trivial parameters and suppose it parsimo-
niously and affinely reduces to D, and Ds. Suppose that every parameter of D,
is used by the reduction from Dy, and that D, admits no parsimonious affine

reduction to fewer parameters. Then Dy has at least as many parameters as D,.

Proof. Let the parameter counts be k;, kq, k3, and write the two reductions as
D,[d] < Dy[Ryd + &), Dy[d] o< Ds[Pyd + ¢ (88)

By Lemma 35, every column of P, has a unique entry +1, and the assumption that
every target parameter is used says that every row is non-zero. For each standard
basis vector €; of the target parameter space, choose a signed standard basis vector
g; satisfying B,q; = €;. Taking the g; as columns defines an integer right inverse @
with P,Q = I and exactly one non-zero entry in each column.

Substitute a@ = Q(ﬁ — 52) into both reductions. Their right-hand sides are then

proportional to the same instance of D;, and B,Q = I gives
D, [8] « D3 [RQB + & — BQ3,]. (89)

Every column of B;Q is a signed column of B, so it contains at most one non-zero
entry. Thus this is a parsimonious affine reduction from D, to D;. Minimality of D,

therefore implies ky < k5. O

For the graphical optimality proof, we represent the parameter map as a linear map
between the open parameter inputs of D and Dj. By Lemma 35, we can build this

map from sign changes, phase fusions, and constant phase shifts.
LEmMMA 37 Let D, and D, have k and | parameters, suppose all parameters of
D, are non-trivial, and suppose there is a parsimonious affine reduction
There is a linear map P € C2*2" puilt from the graphical generators below, with
s; €{0,1} and c; € R,
, X, 20—, —, @ ) @7
such that:
1. for B = Pa +¢,
P, [+q,) x &y [+5); (91)

2. there is a constant non-zero scalar p for which

A

Dj{ = uDj o P. (92)
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Proof. By Lemma 35, each input column of P contains exactly one entry 4+1. Let
s; = 1 when the entry in input column ¢ is —1, and zero otherwise. For each output

row 7,
5] = (_1>Skj1ak?j1 + .+ <_1) kjnj ak?jnj + Cj' (93)

Here n; may be zero, in which case the final generator displayed above prepares the
constant output |+Cj>. The relation is implemented graphically by:

&d
: ) : ©
— — Ceas -
Dy|: = : Dy | = w(@) Dyl = (%

' — - G —
: (<) : ()
G
e sign-correction scalar w(a) =[] . %% arises from = ¢t _ ). Ever
The sig t 1 le (S f X|+, 4_,,). Every

input parameter occurs once, so swaps put the map into the form:

e —
() = w(@ SWAPS Slpy o= w@ | p || Dy
o

This defines P as a composite of the stated generators. Hence
D, [a] = Ma)w(@) (D, » P)[al. (94)

Applying Proposition 27 to the non-trivial parameters of D; makes the product

A@)w(a@) a constant p, giving D = pDj o P. O
4.3.3  Minimality of reduced gadget form

Reducing the diagram produced by phase teleportation to fewer parameters
would require the graphical parameter map to fuse at least two parameter inputs.
Such a fusion induces a signed weight-two Z,Z; stabiliser of the underlying Clifford
diagram. The following lemma, due to Aleks Kissinger, classifies these stabilisers in

GSLC form.

LEMMA 38 Let |¢p) = (C; ® ... C,)|G) be a graph state followed by local Clif-
fords. For distinct qubits u,v with C,,C, € {I, H}, suppose either Z,Z, or —Z,Z,
stabilises |1). Only the positive sign is possible, and either:
1. u and v are adjacent in G, and

e C,®C,=HQ®I with nhd(u) = {v}; or

e C,®C,=1® H with nhd(v) = {u}; or
2. u and v are not adjacent, have identical neighbourhoods, and C, ® C, = H ® H.

Proof. Conjugating by the local Clifford layer gives a signed weight-two stabiliser of
|G), supported on u and v. By Equation 63, graph-state stabilisers are generated by
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P,=X, [[ %
)

w’ € nhd(w

A product of k distinct generators has weight at least k, because every selected vertex
remains in its support. A weight-two stabiliser is therefore a product of one or two
generators.

If it is a single generator, it is P, or F,. In the first case, support only on w,v
forces nhd(u) = {v} and B, = X, Z,; conjugation gives Z,Z, precisely when C, ®
C,=H®I. The case P, = Z,X, is symmetric, with nhd(v) = {u} and C, ® C, =
I ® H. This gives case 1.

If it is a product of two generators, those generators must be P, and P,. Absence
of support away from u,v requires nhd(u) \ {v} = nhd(v) \ {u}. When u and v are
adjacent, P,P, =Y, Y., which no local Clifford in {I, H} maps to Z,Z,. Hence they
are non-adjacent, have identical neighbourhoods, and P,P, = X, X,, giving case 2
under H ® H.

The stabilisers X,Z,, Z,X,, and X,X, obtained above all have positive sign,

and conjugation by I and H introduces no sign in these cases. Thus —Z,Z, cannot
stabilise |1)). O

THEOREM 39 Let C; be a PCC, and let C, be the circuit obtained by phase
teleportation. If Cy is any parametrised diagram to which C; affinely and parsimo-
niously reduces, then Cy has at least as many parameters as Cy. Thus the algorithm

of [20] is optimal within affine parsimonious reductions.

Proof. Start with a PCC C [5] Its input parameters are non-trivial by Proposi-
tion 26. Let D, [@] be the reduced diagram supplied by Proposition 34. Every output
parameter «; is also non-trivial. Each output angle contains an input parameter
with coefficient +1 or —1. Since inputs are not shared between output angles and
the offsets are Clifford, any Clifford assignment of the other output parameters can
be realised by a Clifford assignment of the circuit inputs. If a; were trivial for
such an assignment, varying an input parameter contributing to it would contradict
Proposition 26. Extraction preserves the parameter count, so by Corollary 36 it
suffices to prove that D, is minimal.

Suppose instead that D;[a] = A(a@)D,[Pa + ¢] and D, has fewer parameters. By

Lemma 37:

—
il =X
-
Here the displayed scalar is constant and P is built from:

’X’>Oia77 4@7’@7

9..@99
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Since the equality holds for every @, it gives the state equality:

'ﬁ)

R = N T Dy | (95)

The construction in Lemma 37 attaches each of the parameter inputs of D, to exactly
one output row. Since D, has fewer parameters, two inputs must be attached to the
same row, SO P contains a Z-fusion:

00—
Let a; and a; be two fused parameters, and define the projector II acting on their

corresponding parameter inputs:

<.

A

k
Spider fusion shows Poll = P:

(i) Em—Cm) (i) (i)
omo = o.o = e
@) ED—Em) &™) @)
By Equation 95, D; o IT = Dy. Thus II stabilises D;, and so does the signed Pauli
(—1)**%Z,Z;.

The diagram Dj is in GSLC form, and the two parameter sites have local Clifford
I'or H.If 5; + s; is odd, Lemma 38 rules out the resulting negative signed stabiliser
immediately. If it is even, that lemma leaves two possibilities. In its first case, the
parameter vertex carrying the Hadamard has exactly one target, contrary to reduced
gadget form (Definition 17). In its second case, the two parameter vertices are phase
gadgets with identical target sets, which reduced gadget form also excludes. Both
cases are contradictions.

Hence no smaller D, exists. The reduced diagram is minimal and therefore

optimal by Corollary 36; circuit extraction preserves that count. O

The gadgets in Figure 12 illustrate how different target sets can represent the same
parity. Here @ denotes XOR: it is 1 when its two bits differ and 0 when they agree.
In particular, £ @ x = 0, so two occurrences of the same bit cancel.

Propagating the Hadamards through the initial circuit exposes a shared CNOT
network in which the parities change between rotations. The red—green intermediate
diagram separates the phase gadgets from the remaining Clifford computation. Its
leftmost red spider on the second row combines x; and z,, so the green vertex

to its right carries x; @ x,. The next red spider combines this bit with z; again,
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giving (z, @ z4) ® ©; = 5. All three output bits equal their input values. After this
propagation, the two fixed § phases act on z; @ x5 and its complement on different
wires, so together they contribute only a global phase 1.

With a zero-phase body, a phase gadget acts on the XOR of the bits at its targets.
The o, gadget targets the computed bit x; @ x, and the third input bit x5, whereas
o4 targets the three output bits individually. Both therefore act on x; ® x4 ® x5.
The ; gadget targets z,, z; ® z,, and x3. Cancelling the two occurrences of z;
leaves x5 @ x5, but the m phase on its body complements this bit, giving 1 ® z, @
x3. Removing this Pauli phase negates ;, up to a global phase e’B1. The By gadget
acts directly on x, @ x5, so the pair fuses to 8, — ;.

Colour change turns the red spiders green and their incident edges into Hadamard
edges. The resulting graph is annotated with the computed bit and gadget parities.
Removing the internal computation and accounting for the Pauli phase exposes the

matching targets for gadget fusion.

The circuit-side description in Section 2.3.5 reaches the same result by transport-
ing rotations through Clifford gates. Here the fixed Clifford part is the identity up

to global phase, and the four rotations can be written about two distinct Pauli axes:

Since these axes commute, both routes give oy + o, and Sy — 3;. The final gadgets
have distinct target sets, and neither is single-target, so Theorem 39 certifies the

minimum of two parameters within affine parsimonious reductions.

REMARK 40 We only needed the circuit assumption to establish that the input
parameters are non-trivial. The argument also works for parametrised Clifford
diagrams whose parameters each occur once and are non-trivial. Since the target

diagram need not be unitary, post-selection cannot reduce the parameter count

further under affine parsimonious reductions.

4.4 (CONSEQUENCES AND RELATED ALGORITHMS

4.4.1 PyZX and TOpt
Recall that PyZX’s phase teleportation [20] rewrites ZX-diagrams, whereas TOpt

[40] commutes and merges Pauli rotations. Both were introduced for T-count reduc-
tion, but also apply to arbitrary or symbolic phase angles.

Simmons [39] relates the two approaches by using Pauli flow to extract a Pauli
Dependency DAG from a measurement pattern or graph-like ZX-diagram, using
the representation introduced in Section 2.3.5. In this representation, PyZX’s graph
rewrites can be simulated by commuting Clifford-valued Pauli rotations through the

PDDAG and merging compatible gates.
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Ty —OFftmmmmms o+ T2

zr3 —O- o 3
Figure 12: Simplification of a parametrised Clifford circuit. The red—green diagram reveals the
COPY/XOR structure of the intermediate diagram, as seen in Section 3.2. Removing the internal
spiders exposes equal parities, allowing the corresponding phase gadgets to fuse. The 7 body phase
acts as a NOT, swapping the even- and odd-parity cases and thus negating ; up to global phase. This
example illustrates why full reduce is optimal under affine parsimonious reductions (Theorem 39):
no internal spiders remain for the gadgets to attach to, and all phase gadgets with the same target
set have fused.

COROLLARY 41 Let C be a parametrised Clifford circuit with uniquely occurring
parameters. Both phase teleportation and the symbolic extension of TOpt obtain

the minimum parameter count within affine parsimonious reductions.

Proof. Phase teleportation is optimal by Theorem 39. Simmons shows that
its graph-theoretic rewrites can be simulated in the PDDAG representation by
commuting and merging Pauli rotations [39]. Vandaele, Perdrix, and Vuillot subse-
quently prove directly that this circuit-side phase-merging procedure is optimal for
parametrised Clifford circuits with non-repeated parameters [87]. Hence the two

algorithms attain the same optimum in the black-box parameter model. O

For a Clifford+T circuit, this correspondence explains the identical counts in
Figure 11. When each T gate is treated only as a black-box phase gate, neither
algorithm can improve upon the other by further phase folding. Reducing the T-count
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further requires using the fixed angle 7, for example through fixed-angle identities

or the phase-polynomial and Reed—Muller methods reviewed in Section 2.3.4.
4.4.2  Measurement-based quantum computation

In the one-way model of Raussendorf and Briegel [88], a highly entangled cluster
state is prepared first, and computation proceeds through adaptive single-qubit
measurements. For the standard cluster-state family, the resource preparation is
fixed apart from the required size, while the measurement bases encode the program
and may depend on earlier outcomes [60], [61]. Measuring the qubits consumes the
resource, which gives the model its name [89].

Following the terminology of Backens et al. [90], we represent measurement
patterns in the one-way model by labelled open graphs. A labelled open graph is a
tuple I' = (G, I, 0, A): the graph G = (V, E) generalises the cluster lattice, I and O
designate its inputs and outputs, and A, € {XY, XZ,Y Z} specifies the measurement
plane of each non-output vertex. These three measurement planes are those used
in the generalised-flow formulation of Browne et al. [91]. In the ZX-diagram, the
resource state has the graph-state representation described in Section 3.5.2. Figure 13

shows this representation together with the three measurement effects.

Once the resource state is prepared, computation proceeds by measuring the non-
output qubits. Each measurement returns an outcome bit. If the outcome is 0, no
correction is needed; if it is 1, the measurement introduces a Pauli error. A gflow
specifies how this error is propagated to later vertices: it is absorbed by adjusting
later measurement bases through classical feed-forward, while any correction reach-
ing an output can be applied or recorded classically [91]. In the ZX-calculus, this
propagation appears as Pauli phases moving through the diagram, as illustrated in
Figure 14 [90].

(a) labelled open graph I" (b) MBQC-form ZX diagram
XZ
XY @ YZ
I 0 ®
. ® ° o =, Orreeer Qe O—
“u v w o I wu v w o O

M=XY A\ =XZ Ay =YZ
Figure 13: A labelled open graph and its MBQC-form ZX translation. Vertices and edges become

zero-phase Z spiders and Hadamard edges, while I and O become boundary wires. The effects show
XY, XZ, and YZ measurements. Adapted from [61], Egs. (9.5)—(9.6), and [90], Table 1.
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(a) (b)

g% __CF

A4

o O I u v w o O

O

Figure 14: Propagation of an outcome-dependent correction in the same MBQC-form ZX-diagram,

adapted from Backens et al. [90]. (a) A 7 error occurs at the measured XY vertex u. (b) It propagates

as an X correction to v. (¢) Absorbing this correction changes the XZ angle to 7 — o, and sends a Z
correction to w. (d) Absorbing the Z correction changes the Y Z angle to —a,,

In MBQC, each parametrised spider represents a measurement angle at a non-

output vertex. Reducing the number of these spiders therefore reduces the number

of parametrised measurements. We obtain the following optimality result:

THEOREM 42 Let D be a measurement pattern with gflow, equally many inputs
and outputs, and a distinct parameter on each parametrised measurement. The
optimised pattern D’ produced by the algorithm of [90] has the minimum number

of parametrised measurements among patterns with gflow to which D affinely and

parsimoniously reduces.

Proof. Translate D to a parametrised Clifford ZX-diagram. Since 2D has gflow and
equally many inputs and outputs, the extraction procedure of [90] turns it into a
unitary circuit with one uniquely occurring R, («) gate for each parametrised mea-
surement. These parameters are non-trivial by Proposition 26. The same argument
applies to every competing pattern with gflow, so Theorem 39 gives the optimal
parameter count for the simplified ZX-diagram. The measurement-pattern algorithm
of [90] uses the corresponding rewrites, and therefore produces a pattern with the

same optimal count. O
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4.5 HARDNESS UNDER RELAXED ASSUMPTIONS

Tuomas Laakkonen showed that parameter optimisation is NP-hard for circuits
containing Clifford and Toffoli gates, using a multi-parameter reduction from SAT.
For the two hardness results below, we replace each Toffoli gate with either an
exact Clifford4+7T implementation or a post-selected implementation using repeated

parametrised phase gates.

4.5.1 Toffoli-based hardness

ProproOSITION 43 Computing the optimal parameter count for circuits containing
Clifford and Toffoli gates is NP-hard.

Proof. The proof reduces SAT to parameter optimisation. Let f: {0,1}™ — {0,1}

be a Boolean formula, and construct a polynomial-size Clifford+Toffoli circuit Uy

satisfying
UslZ,y) = |2,y @ f(Z)). (96)
Introduce two parameters 8 and vy and construct the circuit Cy (B, 7]:
n
|Z) - —— —
Uy U}
ly) — Rz(B) H H Rz(v) H —

After discarding a global phase, its action on computational-basis states is
|Z,y) b ePVHITROV)|Z ), (97)

If f is unsatisfiable, then f(#) = 0 for every input, and the two parametrised phase
gates fuse. If f is always true, then f(Z) =1 for every input, and the phase gates
again reduce to a single parameter after commuting through the X action on the
final qubit. In both cases the optimal parameter count is one.

Otherwise, there are inputs on which f takes both values. The parameters 8 and
~ then control two independent relative phases, so neither can be eliminated or fused
with the other. The optimal parameter count is therefore two.

An algorithm for optimal parameter count can now decide SAT. A count of two
shows that f is satisfiable. If the count is one, then f is either unsatisfiable or always
true, and evaluating f(0...0) distinguishes these cases. This gives a polynomial-time

reduction from SAT. The construction is adapted from [10]. O
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REMARK 44 The construction also shows that deciding whether a Clifford+Tof-
foli circuit reduces to one parameter is coNP-hard. Given a Boolean formula f,
define ¢(Z,z) = f(Z)z. If f is unsatisfiable, then ¢ is constantly zero and the
optimal parameter count of C, is one. If f is satisfiable, choose Z with f(Z) = 1.
Then g(Z,0) = 0 and ¢g(Z, 1) = 1, so g is nonconstant and the optimal count is two.

This gives a polynomial-time reduction from UNSAT.

4.5.2  ZH notation for multi-controlled gates

To represent the reversible circuits used in the SAT reductions, we use the ZH-
calculus. Its H-boxes give compact diagrams for AND, Toffoli, and multi-controlled
phase gates. We introduce the notation and rules used in the proofs below. See [92]
and [93] for fuller treatments.

An H-box labelled a, with m inputs and n outputs, denotes:

NV T ——

Every matrix entry is 1 except the bottom-right entry, which is a and corresponds
to all incident bits being 1. A one-input, one-output H-box with a = —1 is a rescaled
Hadamard, so the label is omitted in that case.

Working up to a non-zero scalar, H-boxes give compact representations of the
AND operation AND|z,y) = |zy) and Toffoli gates. An H-box labelled e*® also

represents controlled and doubly controlled phase gates, using the convention in

=

Toffoli CRy () CCRy(a)

Equation 11.

Two standard ZH rewrites are used: H-bozx fusion (HF) and the graphical Fourier

transform (FT) [94]. The latter expresses an n-ary H-box labelled e** using 2" — 1

[

phase gadgets with phases +57.

The ZX rule supplementarity (SUP) is also used. It merges two spiders with the same
neighbourhood whose phases differ by 7. For arbitrary phases, supplementarity is

not derivable from the Clifford ZX rules alone [95], so it is stated explicitly.
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©
o - @Do— (SUP)

4.5.3  Non-Clifford gates

Allowing fixed T gates between the parametrised rotations makes parameter
optimisation NP-hard. We prove this by replacing the Toffoli gates in Proposition 43
with Clifford+7T circuits.

LEMMA 45 The following Clifford+T circuit implements a Toffoli gate:

9 El_o_
q1 ——

]
q2 —e— — Q1 Ill

LT wfEe{rte{Te{r]

Proof.

e

fany
Y
E
fany
Y

-0 0—CG)oCH)o—_) O
The final ZX diagram translates directly to the displayed Clifford+7T circuit. O

PROPOSITION 46 Parameter optimisation for circuits containing Clifford+T
gates is NP-hard.

Proof. Replace every Toffoli gate in the reduction of Proposition 43 by the
Clifford+T circuit of Lemma 45. This incurs only constant overhead per Toffoli, so

the reduction remains polynomial. O

7



OPTIMAL COMPILATION OF PARAMETRISED QUANTUM CIRCUITS

4.5.4  Repeated parameters

A PCC allows each parameter to occur on at most one gate, but standard gate
decompositions can introduce repeated parameters. For example, decomposing a
controlled phase gate CR,(«) produces several phase gates whose angles depend
on «. Allowing such repetitions makes parameter optimisation NP-hard for post-
selected circuits.

Allowing arbitrary functions of a repeated parameter would make hardness
immediate: Ry(a) and Ry(—a+ F) fuse to Rz(%) =T. The stricter condition
imposed here is that every gate angle is an integer multiple of the same repeated
parameter. Such a multiple can be expanded into repeated copies of that parameter
using phase fusion in reverse. Even under this restriction, parameter optimisation is
NP-hard for post-selected circuits.

The selected outcome can have zero amplitude for some parameter values, so we

relax Definition 30 to allow the scalar factor to vanish.

DEFINITION 47 A parametrised post-selected circuit C] with parameter space
(S 1)k reduces to a post-selected circuit C, with parameter space (S 1)l when there
is a function f : (Sl)k — (Sl)l such that

Cila] = Ma)Gy[f(@)] (101)

for every @, where X : (S 1)k — C may take the value zero. The reduction is affine

when f is affine in the sense of Definition 31.

We use the following post-selected circuit to replace each Toffoli gate in the SAT
reduction.
LEMMA 48 Whenever a # 0mod 27, the following post-selected circuit imple-

ments a Toffoli gate up to a non-zero scalar:

q1
q2
q1 —e—
" +) —{ Rz(0) Y] +

s —D— +) Rz(0) H Y F—4—(+]

Q

w
D
A\

Proof.
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(HF)

D@ @ = 3 Pl OO

(FT)
= -5 0-O-HO-®-®0-O®®
&), &), (102)
(SUP)
= o pe @R -k po@od@
= -1
2 )j':'
et*—1

The resulting scalar is , which is non-zero precisely when « # 0mod 27.

2
Substituting this identity into the Toffoli diagram gives the following post-selected

construction:

(102)

(ei*—1) _

e HO-@
’ B G20,

(103)

The two H-boxes attached to Z-spiders represent CR,(«) and CCR (). Decom-
posing them gives the circuit displayed above, in which several phase-gate angles

depend on the same parameter a. O

PROPOSITION 49 Parameter optimisation for post-selected Clifford circuits with
repeated parametrised phase gates is NP-hard.

Proof. First specialise the construction of Lemma 48 to the repeated-parameter gate
set. The H-boxes representing CR,(a) and CCR () have Fourier decompositions
containing 22 — 1 = 3 and 23 — 1 = 7 parameter-dependent phase gates, respectively.
The two Fourier decompositions introduce phases +5 and +%. To make every
gate angle an integer multiple of a single repeated parameter 6, set a = 46. This
clears the denominators, leaving only phases +26 and +6. A phase +26 can be split
into two phases 46, and Clifford conjugation changes the sign of a Z phase up to a
global phase. Hence every parametrised gate can be taken to be a repeated copy of
R,(0), with only Clifford gates between the copies.
e‘“;fl
0 e (%)Z At these Clifford values the selected branch represents the zero map, as

Under this substitution, the post-selected scalar is . It vanishes exactly when
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permitted by Definition 47. For every other value, the circuit implements a Toffoli
up to a non-zero scalar.

Apply the reduction of Proposition 43, replacing every Toffoli gate by the circuit
of Lemma 48 and using the same parameter € throughout. If the reversible oracle
contains m Toffoli gates, the replacement contributes only a scalar proportional to
(e4i9 — 1)m. This factor may vanish under Definition 47, and an affine post-selected
reduction can discard 6.

The remaining parameters 8 and v behave exactly as in Proposition 43. They fuse
when f is constant and control independent relative phases when f is non-constant,
giving optimal parameter counts of one and at least two, respectively. Evaluating
£(0...0) distinguishes the always-true case from the unsatisfiable case, so SAT reduces
in polynomial time. O
With uniquely occurring parameters, post-selection still allows efficient parameter
optimisation under affine parsimonious reductions (Remark 40). Allowing repeated
parameters makes the post-selected problem NP-hard (Proposition 49). Whether the

same holds for ordinary unitary circuits remains open.

4.6 DISCUSSION

This chapter shows that phase teleportation efficiently minimises the parameter
count of PCCs with uniquely occurring parameters, within the class of affine
parsimonious reductions. PyZX and TOpt reach the same phase-folding optimum
[39, 87], explaining their matching benchmark T-counts. These counts need not be
globally optimal, since phase folding does not use identities specific to the T angle.
Theorem 42 extends the parameter result to unitary measurement patterns with
gflow.

Allowing fixed T' gates among the Clifford gates gives NP-hardness by Propo-
sition 46, while repeated parameters give NP-hardness for post-selected circuits by
Proposition 49. The complexity of repeated parameters in ordinary unitary circuits
remains open.

The proof assumes parsimony. A reduction that copies each input parameter to
at most three output locations can be replaced by a parsimonious one [1], but the
general non-parsimonious case remains open.

The next chapter asks whether a Transformer can learn to predict the output of

PyZX’s full reduce from examples alone.
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CHAPTER \/

Learning ZX Rewriting with
Transformers

The development of PyZX, together with advances in ZX algorithms, has enabled
automated rewriting of diagrams containing hundreds of thousands of vertices,
with built-in strategies that reduce Clifford diagrams to a pseudo-normal form and
perform effective T-count optimisation [18], [19], [20]. As established in Chapter 4,
PyZX’s phase-teleportation procedure minimises parameter count for parametrised
Clifford circuits under affine parsimonious reductions, provided that each parameter
occurs once (Theorem 39).

Despite this scalability, such procedures provide only specialised forms of auto-
mated reasoning. They apply a predetermined strategy towards a particular reduced
form, whereas practitioners may wish to obtain an equivalent diagram that exposes
a useful property or minimises a chosen quantity, such as the number of vertices. In
the longer term, our aim is to develop a general-purpose rewriting system, possibly
with the aid of machine learning, that can adapt its strategy to each of these
diagrammatic goals.

When this project began, there were no published applications of machine learn-
ing to ZX-diagram rewriting. This work is therefore among the earliest attempts to
use neural networks for ZX rewriting.! As an initial proof of concept, we ask whether
a Transformer can predict the result of PyZX’s full reduce procedure directly from
an initial unsimplified ZX diagram.

We begin with a deliberately simple formulation of graph simplification as
sequence-to-sequence translation. We use PyZX to generate pairs consisting of an
initial graph and its full reduce output, serialise both graphs as token sequences,
and train an encoder—decoder Transformer to translate the first sequence into the
second. The learner receives neither the ZX rules nor an implementation of the
reduction strategy, only examples of initial graphs and their corresponding reduced

outputs. At evaluation time, we use PyZX to check whether each generated graph

1At the time, neural networks had already been applied to quantum-circuit optimisation and
compilation [96, 97], and ZX diagrams had been used to analyse quantum neural-network ansatz
families [98, 99], but neither line of work trained a model to rewrite ZX diagrams.
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is well formed, equivalent to the input, and no larger than the corresponding PyZX

output.

CHAPTER CONTRIBUTIONS

e Sequence-to-sequence ZX rewriting. We formulate learning PyZX’s
full reduce procedure as a sequence-to-sequence task and symbolically verify
each generated graph. On held-out ten-qubit Clifford circuits of depth 15, 96.4% of
predictions are valid, equivalent to the input, and no larger than the corresponding
full reduce output. We obtain similar results for CNOT and Clifford+7T circuits,
but performance declines on circuits deeper than those used for training [2].

5.1 SEQUENCE-TO-SEQUENCE TRANSLATION

5.1.1 Conditional sequence generation

Sequence-to-sequence learning models a mapping between variable-length input
and output sequences. A recurrent neural network reads a sequence in order,
updating an internal vector after each item. Sutskever et al. [100] introduced an
encoder—decoder architecture in which one such network encodes the source sequence
and another generates the target autoregressively, one token at a time, conditioned
on the tokens already produced. Bahdanau et al. [101] subsequently augmented
neural machine translation with attention, allowing each decoding step to consult
the relevant source representations rather than relying on a single encoded vector.
Vaswani et al. [102] introduced the Transformer, an attention-based encoder—decoder
that dispenses with recurrence. During training, sequence positions can be processed
in parallel; during generation, outputs are produced one token at a time.

The standard application of sequence-to-sequence learning is machine translation.
Each sentence is first divided into discrete units called tokens, such as words or parts
of words. The model encodes the input sequence of tokens and generates the target
sequence one token at a time. Figure 15 illustrates this process for English-to-French

translation.

English source French target
()l ) (oot ) ™ -

Figure 15: Sequence-to-sequence translation. Each target token is generated from the encoded source

and the target tokens already produced.

5.1.2  Mathematical transformations as sequences

Sequence-to-sequence learning is not restricted to natural language. In principle,
it can be used to learn any transformation whose inputs and outputs can be repre-
sented as sequences. A particularly relevant application is learning transformations

between mathematical expressions, such as symbolic integration. Lample and Char-
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ton [103] represented each expression as a syntax tree, with operators and functions
as internal nodes and variables, constants, or numbers as leaves. They linearised the
tree in prefix notation by placing each node before its children. Figure 16 illustrates
this conversion for sin(z) + z cos(x). In prefix notation, each operator precedes its
operands, thereby capturing the expression’s bracketing without parentheses.
Syntax tree
+
Expression sin/ \ Prefix sequence

in(e) +zeosi@) | N\

x T cos

|
T

Figure 16: Linearising a mathematical expression. A preorder traversal visits each operator before
its children, converting the expression tree for sin(x) + z cos(x) into the prefix token sequence
[+, sin, z, X, x, cos, z].

In general, differentiation is straightforward, whereas finding an antiderivative is
difficult. Lample and Charton exploited this asymmetry through backward genera-
tion: they sampled an expression F', computed f = F’, and trained a Transformer on
pairs (f, F') to recover the antiderivative. This produces training examples without
first having to solve the integration problems. Figure 17 illustrates the resulting

prediction task and the reverse direction used to construct its training pairs.

Integration input f(z Antiderivative target F(x)
e - )

differentiate

Backward generation: F(z)=zsin(z) —  f(z) =sin(z) + z cos(z)
Figure 17: Sequence-to-sequence symbolic integration. Backward generation samples an antiderivative
F and differentiates it to obtain the input f; the model learns the reverse mapping from f to F.

5.2 7ZX REWRITING AS SEQUENCE-TO-SEQUENCE TRANSLATION

We now turn to applying sequence-to-sequence learning to ZX diagrams. Unlike
symbolic integration, where each expression is represented by a tree, the underlying
object here is a graph with no preferred vertex ordering. Nevertheless, representing
diagrams as sequences provides a simple way to test whether a model can learn
PyZX’s reductions without explicitly incorporating graph structure or ZX semantics

into its architecture.
5.2.1 Learning goal and examples

Given an initial ZX diagram D, the learning goal is to predict the diagram F'(D)
produced by PyZX’s full reduce routine. Its reduction strategy and reduced gadget
form are described in Section 3.6.3.

To construct an example, we convert a circuit to a ZX diagram in green-Hadamard
form and apply full reduce to a copy. The model receives only the pair (D, F(D)),
represented as token sequences, with no ZX rules or intermediate rewrites. Figure 18

illustrates one such pair.
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Before full_reduce (150 vertices, 139 edges)
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Figure 18: A generated twenty-qubit, depth-35 Clifford example before and after full reduce: 150
vertices and 139 edges are reduced to 73 vertices and 71 edges. Only the initial and final graphs are
shown, not the intermediate rewrites. Reproduced from [2].

5.2.2  Serialising ZX graphs

To represent ZX graphs as inputs and outputs of a sequence-to-sequence model,

we define a serialisation S that converts each graph into a flat token sequence. The

first two tokens give the numbers of vertices, |V|, and edges, |E|. We then order

the vertices, assign them the identifiers NO, N1, and so on, and record the type and

phase of each. Finally, each edge contributes its type and two endpoint identifiers.
The resulting sequence has length 2 + 2|V| + 3|E]|.
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All graphs are first converted to green-Hadamard form. Following PyZX’s
VertexType enumeration, 0 denotes a boundary and 1 a Z-spider; X-spiders therefore
do not occur. Every phase in the Clifford+T fragment is an integer multiple of 7,
so the phase k7 is represented by the integer token k. Likewise, PyZX’s EdgeType
enumeration assigns 1 and 2 to ordinary and Hadamard edges, respectively. The
rows in the figure are only a visual aid: the model receives one flat sequence.

ZX graph Serialised token sequence

Counts
~ Vertices
Edges

N, N,

Figure 19: Serialising a ZX graph. Reading the records row by row gives the vertex and edge counts,
the type and phase of each ordered vertex, and the type and endpoint identifiers of each edge.
Figure 19 illustrates the three parts of this representation. The implementation is

given in Section 5.5.2.

With this serialisation, the induced transformation 7" on sequences is

T(S(D)) = S(F(D)). (104)
Writing z = S(D) and y = S(F (D)), each supervised example is the pair

(z,y) = (S(D), S(F(D)))- (105)

This serialisation is not unique: vertex names and edge ordering affect the token
sequence, and edge records may occur far from the records of their endpoints.
The model must learn to accommodate these arbitrary choices from data; it is not

permutation invariant by construction.

5.3 SYMBOLICALLY VERIFIED EVALUATION

Because an input ZX diagram can have several equivalent reduced forms, there
may be several correct output diagrams. Moreover, the same output diagram can
give several token sequences through different vertex names and edge orderings. The
evaluation must therefore verify the diagram represented by the generated sequence,
rather than rely on exact sequence matching.

Given an unseen input diagram D, the model generates a sequence that we
attempt to parse into a candidate diagram D. We accept the prediction if parsing
succeeds, the diagram is well formed, it denotes the same linear map as D, and it
has no more vertices than the PyZX output F (D).
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Unseen input D Proposed reduction D
— — lfggggfl — | parse | — —
14 vertices, 14 edges 6 vertices, 5 edges
1

[ External checks: well formed D =D ‘V(f)) < |V(F(D))] ]

Figure 20: The ZX-reduction task. The learner receives a serialised graph but no ZX rules or semantic
test. Parsing, equivalence and size relative to the PyZX output are checked externally after generation.
Blue edges are Hadamard edges.

To check equivalence, we compose the source diagram D with the adjoint of the

proposed diagram D and check whether the result reduces to the identity:
F(DoD) =1 (106)

For Clifford diagrams, full reduce is guaranteed to reduce a diagram representing
the identity to bare wires. In the Clifford+7T fragment, however, spider-nest identities
can prevent this simplification from succeeding [104]. We count a prediction as a
failure whenever the composed diagram does not reduce to bare wires, even though
the source and predicted diagrams may still be semantically equivalent.

We report two evaluation metrics. The primary metric, accepted-output accuracy,

is the fraction of predictions that parse, pass the equivalence check, and satisfy
V(D)| < [V(F(D))I. (107)

Ezact-match accuracy is the fraction that match the target sequence token for token.
Listing 1 implements the three acceptance conditions. Here Graph is PyZX’s

BaseGraph interface, and parse graph returns Graph | None.

import pyzx

def accepts prediction(source: Graph, target: Graph,
predicted tokens: list[str]) -> bool:
hypothesis: Graph | None = parse graph(predicted tokens)
if hypothesis is None:
return False

difference = source + hypothesis.adjoint()
pyzx.full reduce(difference)
if not difference.is id():

return False

return hypothesis.num vertices() <= target.num vertices()

Listing 1: Prediction validation adapted from the original code. The parser reconstructs a graph,
full reduce tests equivalence, and the final comparison enforces the vertex limit.
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5.4 ENCODER-DECODER TRANSFORMER

5.4.1  Input representation and encoder

We predict the output using an encoder—decoder Transformer with learned
parameters 6 [102]. Given the input sequence x = (z, ..., x,,) as a list of tokens, the
model first embeds each token x, by assigning it a learned vector representation. The
encoder then applies successive layers of self-attention and feed-forward updates. In
self-attention, each token compares its current representation with those of every
other input token and forms a weighted combination, assigning larger weights to the
tokens most relevant to its update. Self-attention alone does not encode sequence
order, so we use learned positional embeddings p, and present z; = E[z;] + p; to the
first encoder layer, where E is the token embedding table.

For one attention head, the layer maps the representation at each position to
three vectors. The query describes what information that position is looking for, the
key describes what information it offers, and the value carries the information that

may be combined. These vectors are

The matrices Wy, Wy, and W, are learned during training. The query and key
vectors each have d; components.

The attention score e;; compares the query at position ¢ with the key at position j,
with a larger score indicating a stronger match. If their components are independent,
with mean zero and unit variance, then the dot product has variance d,,. For large
dy,, the resulting scores can push the softmax into a saturated region with very small
gradients. Dividing by \/d_k keeps the scale of the scores approximately constant as
the key dimension grows [102]. A softmax then converts the scores into non-negative
attention weights that sum to one across j:

_ 4k exp(e;;)

J \/ dk / Z,’,‘:]_ exp(ezr)

Taking a weighted sum of the value vectors gives a context vector:

e

m
¢, = Zaijvj. (110)

j=1
Thus a;; measures how strongly position ¢ attends to position j. Multiple heads
repeat this calculation with different projection matrices, allowing the layer to
capture different relationships between tokens. The layer combines their context
vectors with the incoming representation and applies the same feed-forward neural

network at every position. We denote the resulting updated embedding by h,;. This
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becomes the input to the next layer. After L encoder layers, h, summarises token x;
in the context of the complete input. We collect these final vectors as H = Ency(z) =

(hyy-ey hyy)-
5.4.2  Decoder and autoregressive generation

The decoder generates the target from left to right. For this discussion, we write
y = (Y1, ---,Y,) with the final end token included. If y_, = (y;, ..., y,_;) denotes the
tokens preceding position ¢, then the probability assigned to the complete target

factorises as

po(w | 2) = [ polwe | vor. ). (1)
t=1

In other words, each factor gives the probability of the next token, conditioned on
the source and the target tokens already generated. Generation begins with a special
start token. At step t, the decoder embeds y_, and applies masked self-attention,
meaning that position ¢ may use earlier target positions but not later ones. It then
uses cross-attention to select information from the encoded source vectors H. This
is the same attention calculation as above, but its queries come from the decoder
while its keys and values come from the encoder.

Let u, be the decoder vector at position ¢, and let V be the token vocabulary.
A final linear map assigns every possible next token v € ¥V an unnormalised score,

called a logit. The softmax converts these logits into probabilities:

exp (Et’v)
weV €xp <€t’w)

et,v = (W/ocabut + b)va pG(U | y<t’x) = Z (112)

The probabilities sum to one over the vocabulary. Once a token is chosen, it is

appended to the prefix and the calculation is repeated until the decoder produces a

special end token.
5.5 TRAINING DETAILS

5.5.1  Training data
We compare models trained on random CNOT, Clifford, and Clifford4+7T circuit

distributions. We generate training pairs on the fly, rather than storing a fixed data
set. The main model is trained on ten-qubit Clifford circuits of depth 15, with 300, 000
new pairs sampled in each epoch [2].

Tests on unseen circuits of the same depth measure performance within the
training distribution. Testing the same model on deeper circuits assesses generali-

sation to larger graphs and longer sequences.
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5.5.2  Sequence preparation

The serialiser in Listing 2 implements the representation introduced in Figure 19.

It writes the graph size, vertex records and edge records in order.

def serialise(graph: Graph) -> list[str]:
vertices = sorted(graph.types())
labels = {vertex: f"N{i}" for i, vertex in enumerate(vertices)}

tokens = [str(graph.num vertices()), str(graph.num edges())]

for vertex in vertices:
tokens.extend([
str(graph.type(vertex)),
str(int(4 * graph.phase(vertex))),
1

for edge in graph.edges():
source, target = edge
tokens.extend([
str(graph.edge type(edge)),
labels[source],
labels[target],
1

return tokens

Listing 2: Graph serialiser adapted from the original code. The output contains the graph size, ordered
vertex records, and typed edge records with endpoint identifiers.

The vocabulary contains fewer than one hundred distinct tokens. We prepend the
special token <sos> to each target to supply the decoder’s initial input and place
<eos> after the final graph token. During inference, the model outputs <eos> to signal
the end of generation. Shorter sequences are extended with <pad> tokens so that
sequences of different lengths can be processed together in the same mini-batch. At
ten qubits and depth 15, the paper reports 99th-percentile source and target lengths
of approximately 360 and 210 tokens; at depth 40, these rise to approximately 650
and 400 [2].

5.5.3  Training objective and decoding

We train the decoder using teacher forcing: it receives the correct preceding tokens
Y.+ when learning to predict y,, even if it would itself have chosen a different token

at an earlier step. For one training pair, we minimise the negative log-likelihood
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n
£(0) == "logpy(y, | Yoy, ). (113)
t=1

Minimising this loss increases the probability assigned to the correct token at each
position, with a larger penalty when that probability is very small. During optimi-
sation, these contributions are averaged over the non-padding target tokens in each

mini-batch.
At inference time, we instead feed the decoder its own previously generated tokens

and choose the highest-probability token at each step. This procedure is called greedy

decoding.
Training from input—output pairs Evaluation on an unseen graph
Input and target graphs Unseen source and target
generate pair(circuit type, qubits, depth) generate pair(circuit type, qubits, depth)
1 {
Graph serialiser Graph serialiser
serialise(source), serialise(target) serialise(source)
1 {
Transformer Transformer
Source encoder Source encoder
fwd(x, causal=False) fwd(x, causal=False)
\: 1
Teacher-forced decoder Autoregressive decoder
fwd(y, causal=True, src_enc) generate(src_enc, src_len)

I L J

INext=tokenglosSHEEEEEEG | S s s s e e e e e e e e e e e e s
predict(decoded, y) Parsing and verification
L ) | accepts prediction(source, target, predicted tokens)

Figure 21: Training and evaluation in the implementation. During training, the decoder receives
the correct preceding target tokens and is trained to predict the next token. During evaluation it
generates a variable-length proposal one token at a time, using its own previous predictions. The
accepts prediction function performs graph parsing and mathematical verification outside the learned
model.
Because inference uses the model’s own predictions rather than the correct target
prefix, errors can compound during generation. For example, one incorrect vertex
identifier can produce a prefix that never occurred during training. This becomes

increasingly important as graphs and their serialisations grow.
5.5.4  Model configuration and checkpoint selection

We use six layers in each of the encoder and decoder, 512-component token
embeddings, and eight attention heads for the main Transformer. In the capacity
comparisons, we vary the number of layers and, in some cases, the embedding
dimension and number of heads. These experiments therefore compare complete
model configurations rather than isolating the effect of layer count alone [2].

We set the base learning rate to 10~* and save the model parameters periodically
during training. We select a checkpoint based on its accepted-output accuracy on

held-out examples, as defined in Section 5.3, rather than on training loss alone [2].
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Across 770 epochs, the main model sees 231 million generated examples, only a
fraction of the possible ten-qubit, depth-15 Clifford circuits [2].

5.6 RESULTS

5.6.1 Clifford reductions

The main model achieves 96.4% accepted-output accuracy on held-out examples:
88.4% of predictions reproduce the PyZX target exactly, while a further 8.0% produce
a different equivalent graph with the same number of vertices [2].

The gap between exact-match and accepted-output accuracy is informative. Some
predictions differ from the full reduce target but still represent the same linear map
with no more vertices. This suggests that the model has learned features of valid

reductions beyond memorising the outputs of full reduce.
5.6.2 Generalisation to greater circuit depth

When the same model is applied without retraining to ten-qubit circuits deeper
than the depth-15 training examples, accepted-output accuracy falls to 89.1% at
depth 20, 63.2% at depth 25, and 29.5% at depth 30. Larger models generally
improve accuracy, but none of the tested configurations overcomes the degradation
as sequence length increases. The models in Figure 22 differ in their embedding
dimensions and numbers of attention heads as well as their layer counts. The figure
therefore compares complete model configurations and does not isolate the effect of

adding layers.

accepted outputs (%)

15 20 25
circuit depth

® L@ 6L @ sL

Figure 22: Accepted-output accuracy at increasing circuit depth. 4L, 6L, and 8L denote the numbers
of layers. The six-layer series is the main model with 512-component embeddings and eight heads; the
eight-layer series uses 640-component embeddings and ten heads. Data from [2].

5.6.3  Circuit families

Separate eight-layer models were also trained on ten-qubit CNOT, Clifford, and
Clifford+T circuit distributions. The CNOT model is more accurate than the Clifford
model at all three tested depths, consistent with the restricted CNOT gate set
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making the compilation problem easier. The Clifford+7 models also exceed 90%
throughout the tested range.

accepted outputs (%)

15 20 25
circuit depth

® CNOT @ Clifford @ Clifford+T
Figure 23: Accepted-output accuracy for separately trained eight-layer models on ten-qubit CNOT,
Clifford, and Clifford+T distributions. Data from [2].
The Clifford+T results show that the model can learn to simplify diagrams contain-
ing non-Clifford phases. We assess these reductions by comparing their vertex counts
with those obtained by the full reduce heuristic on the sampled circuit families.
Whether this also leads to fewer gates in the extracted circuits remains a question

for further work.

5.7 DISCUSSION AND CONCLUSION

The results show that a Transformer can learn a complex ZX-graph transfor-
mation from input—-output examples alone. Given no rewrite rules or intermediate
steps, it produces valid, semantics-preserving transformations on unseen examples,
occasionally finding alternative reductions to those produced by full reduce.

However, the accuracy of the model falls as circuits and their serialisations
grow. This is consistent with the difficulty Transformers have in generalising beyond
training sequence lengths [105]. Longer outputs also create more opportunities for
one incorrect token to corrupt the remainder of the sequence.

A natural next step is to restrict the model to semantics-preserving actions,
allowing it to focus on learning which choices lead to good solutions. Reinforcement
learning lets an agent learn to choose among these actions using rewards for the
quality of the result, while remaining within a sound rewriting framework. The agent
need not reproduce a fixed target sequence. We adopt this approach in the next
chapter to minimise the two-qubit gate count of Clifford and CNOT circuits.

For future work, we could explore alternative policy-optimisation methods and
human feedback for ZX rewriting. Shao et al. [106] introduced group relative policy
optimisation (GRPO), a PPO variant that compares sampled outputs without a
separate learned value model. Ouyang et al. [107] used human rankings to train

a reward model for reinforcement learning from human feedback (RLHF). Similar
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feedback could tune a rewriting engine towards preferences that are difficult to

formalise, while symbolic verification enforces correctness.
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CHAPTER \'I

Equivariant Reinforcement Learning for
Matrix-Group Circuit Synthesis

Clifford circuits are quantum circuits generated by the gate set {H,S, CNOT}.
Clifford circuits form an important class because they are efficiently simulable, yet
expressive enough to exhibit entanglement and non-local correlations characteristic
of quantum mechanics. Because of these properties, Clifford circuits feature promi-
nently in quantum error correction [68], quantum key distribution, and quantum
teleportation [21].

Parity circuits, which are generated solely by CNOT gates, form a subclass of
Clifford circuits. CNOT is the only entangling gate in the generating Clifford gate
set and is powerful enough to express the linear reversible fragment of classical logic.
When supplemented with phase gates, these parity computations give rise to phase
polynomials, which are used to represent and optimise CNOT+phase circuits. More
generally, supplementing Clifford circuits with non-Clifford phase gates gives the
Clifford+phase circuits studied in Chapter 4 and, in the special case of T' gates, the
approximately universal Clifford+7T" gate set.

Clifford circuits admit compact symplectic tableaus, while parity circuits admit
compact invertible binary matrices (Figure 24). Unlike exponentially large unitary
matrices, these representations use polynomial space and encode gate actions exactly.

We call synthesis using these representations matriz-group synthesis.
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Figure 24: A Clifford circuit and its symplectic tableau (top), and a parity circuit and its parity
matrix (bottom), adapted from [4].
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The main optimisation objective for Clifford and CNOT circuits on near-term
quantum devices is to reduce the number of two-qubit entangling gates, since they
are typically more expensive and error-prone than single-qubit gates. For instance,
Quantinuum reports typical one- and two-qubit gate infidelities of 3 x 107° and
1 x 1073, respectively, for its H2 system [53]. Reducing the number of entangling
gates in Clifford circuits is also relevant in the fault-tolerant setting. In joint work,
we developed CSSCat, which constructs fault-tolerant preparation circuits for CSS
stabiliser states [108].

Although the CNOT and Clifford synthesis algorithms in Chapter 2 achieve
asymptotically optimal worst-case entangling-gate counts, they need not give the
shortest circuit for a particular target. We therefore ask whether learning can
find shorter circuits at practical sizes, and how closely these circuits approach the
optimum.

Finding optimal circuits quickly becomes intractable: the six-qubit Clifford group
contains about 2.1 x 10?® elements, and constructing the corresponding optimal-
circuit database required 2.1 TB of storage and more than 300,000 CPU-hours
[109]. To tackle this large search space, we instead combine reinforcement learning
and curriculum learning with permutation-equivariant neural architectures tailored
to the matrix representation and gate actions of each problem. This produces one
reusable policy for each synthesis task, trained without optimal circuit labels and
applicable to unseen targets and qubit counts. The contributions of this chapter are

as follows.

CHAPTER CONTRIBUTIONS

e Matrix-group synthesis with reinforcement learning. We formulate Clif-
ford and parity synthesis as weighted word problems over Sp(2n,F,) and
GL(n,T,), respectively, and solve them as sequential matrix-reduction tasks using
reinforcement learning.

¢ Reusable equivariant neural policies. We develop problem-specific architec-
tures whose shared layers respect qubit relabelling and whose action heads reflect
the symmetry properties of the gate set. This shared parametrisation allows a
single policy to be trained across both circuit difficulty and qubit count using the
two-dimensional random-walk curriculum introduced here.

e Near-optimal CNOT synthesis and transfer. The CNOT policy remains
within 0.73 gates of the certified mean optimum through seven qubits. After
training up to 20 qubits, the same model transfers to 30 qubits and outperforms
existing baselines for both finite-length random-walk and uniformly sampled

targets.
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o Near-optimal Clifford synthesis and transfer. We recover 995 of the 1003
certified six-qubit optima of Bravyi et al. using policy-guided search, with each of
the remaining eight circuits one CZ gate above optimum. A Clifford policy trained
up to ten qubits transfers to 30-qubit random-walk targets and outperforms
existing baselines. On uniformly sampled targets, it also produces substantially
shorter circuits on the instances it solves, although its solve rate falls to 59% at
30 qubits.

We first recall the matrix representations of Clifford and CNOT circuits, formulate
matrix-group synthesis, and introduce the comparison methods (Sections 6.1-6.3).
We then develop and evaluate our reinforcement-learning approach: we define the
synthesis environments, introduce the equivariant policy architectures, describe
training and decoding, and report the CNOT and Clifford results (Sections 6.4—
6.10). Finally, we connect matrix-group synthesis to circuit extraction from reduced
ZX-diagrams (Section 6.11) and discuss the scope and limitations of our approach
(Section 6.12).

6.1 MATRIX REPRESENTATIONS

Chapter 2 introduced Clifford circuits and their tableau representation. Recall
that a signed Clifford-operation tableau (M|r) has two components: a symplectic
matrix M € Sp(2n,F,) and a vector of signs r. To simplify notation, throughout

this chapter we omit r and depict the phase-free matrix M using the following grid

representation.
Ty Ty Ty 2z Zp 23 T
x [1 110100 1] —vXX,
X, |00 o0[1 10 0 A .
X, |0 o0 1|0 1 1 1 —Z,Y,
Z, |11 1]0 0 0 0 X, X, X,
Zy |01 1|1 1 0 0 Z,Y, X, . .
Zg |0 0 1|0 0 0 0| X,

Each row of M records the phase-free image of one of the Pauli generators X, or
Z; under conjugation by the Clifford unitary, and the matrix as a whole determines
that unitary up to a Pauli correction and global phase. The omitted signs can be
restored using only single-qubit gates, without increasing the two-qubit gate count,
as shown in Section 6.2.3.

CNOT circuits form a subclass of Clifford circuits and are represented by
invertible parity maps A € GL(n,[F,). Under the tableau convention of Section 2.3.2,

Equation 33 embeds a parity map into the Clifford symplectic representation as

A+ diag(AT, A7), (114)
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Thus A alone determines the phase-free CNOT tableau. To simplify notation, we

depict the parity map using the following grid representation.

0110 ae
0111 aee
1000 [
1100 e e

We distinguish the parity grid from the Clifford grid by using different markers and

omitting the quadrant dividers.

6.2 MATRIX-GROUP SYNTHESIS

Circuit synthesis is the task of constructing a circuit that implements a specified
target unitary. Because many circuits can realise the same unitary, synthesis is often
posed as an optimisation problem, such as minimising the number of two-qubit gates.
Throughout this chapter, synthesis is exact: the output circuit must realise the target
unitary rather than merely approximate it.

The matrix representations of Clifford and CNOT circuits allow us to formulate

both compilation tasks as instances of a common matrix-group synthesis problem.

DEFINITION 50 Let G, be a finite matrix group, let A, C G, be a generating
set, and let ¢,, : A, — Ry assign a cost to each generator. Given a target M, ., €

G,., the matriz-group synthesis problem is to find a length L € N, and generators
Gy,...,G; € A, such that

M, rger = G1---GL, (115)

while minimising ZtL: Ln(Gy).
In this chapter, it is more convenient to use the reverse formulation of the synthesis
problem. The CNOT and Clifford generating sets considered below consist entirely
of involutions, so the same generators can be used to reduce a target back to the
identity.

DEFINITION 51 Given an instance of the matrix-group synthesis problem for

which every generator in 4, is an involution, its reverse formulation is to find a

length L € N, and generators G, ..., G}, € A,, such that
M,

target

L

while minimising }° " | ¢,(G,). Reversing this sequence gives a factorisation of the

target, and hence a solution to the original synthesis problem:

Mtarget == GL"'Gl' (117)
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6.2.1 CNOT synthesis over GL(n,F,)

To formulate CNOT compilation as a matrix-group synthesis problem, we use
the reverse formulation from Definition 51 and reduce the target parity map to the
identity by right multiplication. For parity maps, A — AG represents the gate G
followed by the circuit for A. Thus, right multiplication prepends the corresponding
CNOT, and the synthesised circuit follows the reduction order. The group and

directed generating set are
GNOT = GL(n,F,), AT = {CNOT,; :4,j € [n],i # j}. (118)

We use a sans-serif typeface for the matrix generator CNOT;, ; to distinguish it from
the corresponding unitary gate CNOT, ;. Writing e, for the ith standard basis vector,

its parity-map matrix is

CNOT, ; := I, +e;ef, CNOT?, =1,. (119)

3%
Every generator has unit cost:
coNOT ATNOT 5 Ry, ¢INOT(CNOT, ;) = 1. (120)

= A € GL(n,T,), the total cost Zle cCNOT(@,) is exactly the

n

Given a target M, e
number of CNOT gates. Right multiplication by CNOT, ; adds column j to column
i, as shown in Figure 25. This is the transpose counterpart of the row-operation
formulation in Section 2.3.1.1: adding row j to row i in AT is equivalent to adding
column j to column 7 in A. The same elimination principles therefore apply, but
the control-target labels and circuit order follow the right-multiplication convention
used here. The worked example in Figure 26 gives a complete four-qubit reduction.
We perform an exhaustive breadth-first search over all 20,160 elements of GL(4,F,)
and first reach the target at depth seven, certifying that the circuit has minimum

CNOT count.

- (@ ~ (@ 7
T a Tj
G+« Cac, C, GG

Figure 25: Column operations induced by the parity-map generators CNOT, ; and CNOT; ,.
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e e (170 (]
[ ] ae CNOT, , % ae CNOT, 5 a % a8 CNOT; e a
[ ] e % e (=@ e |@ % [ ]
CC W (] (]
] e e
CNOT, 4 [ ] [ ] CNOT, » [ ] CNOT, 3 [ ] CNOT; 4 [ ]
B e [ ] % a B %
] (] (]

[ ]
[ ]
7/

(|')
58
Figure 26: A seven-CNOT reduction of a four-qubit parity map to the identity, with the corresponding

7ZX circuit. Note that the circuit follows the reduction order.

6.2.2  Clifford synthesis over Sp(2n,TF,)

Clifford compilation can likewise be formulated as a matrix-group synthesis
problem. Using the reverse formulation from Definition 51, we reduce the target
tableau to the identity by right multiplication. Under our tableau convention, right
multiplication by the gate tableau M, gives My;Mgs = Mg, which represents
applying G after U. The synthesised circuit therefore follows the reverse reduction

order. For Clifford tableaus, the group and generating set are
Gi' =9Sp(2n,|,), Ap':={H;,S;:i€[n]}u {Czi,j ti,J € [n],i < j}- (121)

Each generator is identified with the symplectic matrix of its corresponding physical

gate. In the phase-free representation, all three generators are involutions:
H? =S} = CZ; ;= I,. (122)
Single-qubit generators have zero cost, while each CZ gate has unit cost:

ettt AJ = Ryg, e (Hy) = ¢1(S;) =0, M(CZ; ;) =1. (123)

n (2

Given a target My, € Sp(2n,F,), the total cost Zle cS(G,) is exactly the number

of CZ gates. Since CNOT and CZ differ only by local Hadamard conjugation, this
is equivalently the CNOT count when single-qubit gates are free. There are 2n +
(%) available actions, of which only the (%) CZ actions carry non-zero cost. Right
multiplication by a generator performs the column operations shown in Figure 27.
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U
o0

Figure 28: Reduction of a three-qubit Clifford tableau to the identity at optimal CZ cost six, with
the corresponding ZX circuit. Note that the circuit follows the reverse reduction order.

H, S, CZiyj
X, X, X; 2, 7, Z, X, X, X; 2, 7, Z,

X, . X, .

x 7 e AR

X, X,

A :

z ’/// z %

z . z
Z,— Z;® X,

X, < Z, Z,+— 7, ® X, J

Zj — Zj o X;

Figure 27: Column operations induced by the Clifford generators H,, S;, and CZ, ;.

The same column operations give the complete three-qubit reduction in Figure 28.
We verify its optimality by exhaustive breadth-first search over all 1,451,520 elements
of Sp(6,F,), exploring all free H and S moves at each cost before adding another CZ
gate. The target is first reached at a cost of six CZ gates.
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The corresponding classical synthesis methods are reviewed in Section 6.3.2. The
experiments in Section 6.10 compare against the scalable baselines and use optimal

six-qubit circuits to assess exact recovery.
6.2.3 Recovering the sign vector

To recover the Pauli correction, apply the phase-free reduction sequence to the
full signed tableau using the sign-aware Clifford updates of Aaronson and Gottesman
[28], reviewed in Section 2.3.2. The symplectic-matrix updates do not depend on the
sign column, so the same sequence reduces the matrix to the identity. The remaining
signs determine the final single-qubit Pauli correction.

Concretely, let the initial signed-tableau be (M]|s), and suppose that the phase-

free reduction uses generators Gj, ..., G; such that
MG,...G; = 1,,. (124)
Propagating the full tableau through these gates leaves a terminal tableau of the form
(L,|r), reFgm. (125)

The first n entries of r record the signs of the images of X, ..., X,,, and the final n
record those of Z;, ..., Z,,. Since X, and Z; anticommute, r; = 1 calls for a Z; clean-
up, while r; . =1 calls for an X; clean-up. Up to global phase, the terminal map

and its Pauli clean-up are therefore both
[[xiz" (126)
i=1

Figure 29 illustrates this construction.

Ty Ty Ty 2] Zy 23 T
x, [1 00000 1] Z1 X2 Ys
X, | 010|000 o0 ——
X3 0 0 1({0 0 O 1 -
Z, |0 0 o0l1 00 O —@—
Z, |00 o0l0o 1 0 1 —@()—
Zg L0 0 0j0 0 1 1]
Figure 29: A terminal signed identity tableau and its Pauli clean-up Z; X,Y;.

Applying this clean-up completes the tableau reduction; after reversal, it appears at

the input end of the synthesised circuit.
6.2.4  The Cayley-graph formulation

The matrix-group synthesis problem can be cast as a minimum-cost path problem
on a Cayley graph. For a matrix group §,, and generating set A,,, the corresponding
Cayley graph has vertex set G,. Each generator G € A, contributes a G-labelled
edge from every M € G, to MG:
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ME MG, Me§, Ged, (127)

We assign each G-labelled edge the cost ¢,,(G). Paths from the target to the identity
then encode reductions, with path cost equal to synthesis cost. Since every generator
considered here is an involution, each edge can be traversed in either direction at
the same cost, so the underlying weighted Cayley graph is undirected.

The Cayley graph is finite for each n, but the following proposition shows that

its number of vertices grows super-exponentially in the number of qubits.

PROPOSITION 52 For every n > 1, the orders of the CNOT parity-map group
and the phase-free Clifford tableau group are

n—1
|GL(n, )| = H(2” —2%),
k=0
. (128)
ISp(2n, F,)| = 2 H(4j —1).

In particular, both orders are 20(n%),

We derive both group orders in Section A.1l. Bravyi, Latone, and Maslov [109] give
the same expression for the binary symplectic group.

For the generating set in Equation 118, the CNOT Cayley graph has n(n — 1)
neighbours at every vertex, one for each directed generator CNOT, ; with i =+ j. For

the generating set in Equation 121, the Clifford Cayley graph has

2
”) _ntsén (129)

20+ (
n+2 5

neighbours, comprising H; and S; for each qubit and one CZ, ; for each unordered
pair. An exhaustive breadth-first search may therefore visit and store 26(n?) vertices,

examining @(n2) generator moves from each vertex.
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n |GL(n, Fy)| |Sp(2n, F,)|

2 6 720
3 168 1,451,520
4 20,160 47,377,612,800
5 9,999,360 24,815,256,521,932,800
6 20,158,709,760 208,114,637,736,580,743,168,000

Table 2: Orders of the CNOT parity-map and phase-free Clifford tableau groups at two to six qubits.

The Cayley-graph viewpoint, illustrated for the CNOT and Clifford generating
sets in Figures 30-31, also informs the curriculum-learning approach developed in
Section 6.7.1. Since the weighted shortest-path distance from a target to the identity
is its minimum synthesis cost, targets farther from the identity require more two-
qubit gates and generally make harder training examples. We use this distance
indirectly by sampling targets through random walks on the Cayley graph, starting
at the identity, and increasing the walk length throughout training. Although walk
length is only a proxy for shortest-path distance, it provides a controllable notion
of difficulty. For three or more qubits, these random walks converge to the uniform
distribution, as established in Theorem 54 and Theorem 55.

6.3 COMPARISON METHODS AND RELATED WORK

To assess the learned policies, we compare their circuits with those produced
by scalable synthesis algorithms and, for small instances, with circuits of optimal
entangling-gate count. We specify the implementations and cost conventions in
Section 6.8.

Oak
. e o [
[ e o
[ J o o
2Ak
e O / [
[
3%
[
CNOT, ;5 seeeeees CNOT,,

Figure 30: The complete Cayley graph of GL(2,F,) induced by the two directed two-qubit CNOT
generators. Vertices are arranged by word distance from the identity: each lower level requires one
additional CNOT.
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v B 7
% EE
Bl e n;

| E 0 E

H, H, S Sy CZ,,

Figure 31: The radius-three ball about the identity in the Cayley graph generated by the two-qubit

Clifford gates. Vertices are phase-free Clifford tableaus; edge colour and style identify the generator.

The central identity tableau is the terminal state for reverse reduction and the starting state for
random-walk target generation.

6.3.1 CNOT comparison methods
Patel-Markov—Hayes (PMH). We use PMH, the asymptotically optimal

block-elimination algorithm described in Section 2.3.1.2.

Greedy Gaussian elimination (GGE) chooses row additions by matching
portions of rows, so that a single addition clears several entries without disturbing
columns already eliminated [110]. We use the FastGreedyGE variant, which first
triangularises the matrix and then reduces it to the identity.

Alternating elimination with cost minimisation (AECM) applies opera-
tions from both the left and the right to clear a pivot row and column [111], adding

gates at opposite ends of the circuit. It scores candidate sequences by the decrease
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in the number of entries differing from the identity across both the matrix and its
inverse, per added CNOT.

6.3.2  Clifford comparison methods

Aaronson—Gottesman [28] reduces a Clifford tableau to the identity one qubit
at a time. We use Qiskit’s synth_clifford_ag implementation, which has an O(n?)
worst-case gate bound.

Qiskit greedy. We use the greedy compiler of Bravyi et al. [112], as implemented
in Qiskit [113]. It reduces the tableau one qubit at a time, choosing at each step the
qubit whose reduction requires the fewest CNOTs.

Bravyi—Maslov decomposes a Clifford into Hadamard-free components, a
Hadamard layer, and a qubit permutation [114]. The Hadamard-free components are
synthesised using CNOT, CZ, and single-qubit phase gates. We include the cost of

implementing the permutation in the comparison.
6.3.3 Ezact references and other search methods

For CNOT synthesis, we use the optimal synthesis results of Christensen et al.
[115] through seven qubits. For Clifford synthesis, we use our own meet-in-the-middle
solver [4] for the random-walk benchmarks and the subset of 1,003 six-qubit instances
with known optimal CZ counts used by Bravyi et al. [112]. These comparisons are
reported in Section 6.9 and Section 6.10.2.

Other approaches include heuristic shortest-path search and SAT-based synthesis.
Webster et al. [116] guide search using matrix-based estimates, with fitted heuris-
tics and bounded queues trading optimality guarantees for tractability. SAT-based
methods search for a circuit within a prescribed cost bound and certify optimality by
ruling out every lower cost, with applications to CNOT [117] and Clifford synthesis
[118]. We discuss these approaches as related work but do not include them in our

benchmarks.
6.3.4 Connectivity and comparison scope

Our experiments use all-to-all connectivity and fixed input and output labels,
as specified in Section 2.3.6. Comparisons with architecture-aware methods require

matching these connectivity and mapping conventions.
6.3.5 Learned synthesis

In concurrent work, AlphaCNOT combines a learned policy with Monte Carlo
tree search to minimise CNOT count [119]. We compare it with our CNOT policy

in Section 6.9.
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6.4 REINFORCEMENT LEARNING FOR MATRIX-GROUP SYNTHESIS

6.4.1  Why reinforcement learning?

We formulate matrix-group synthesis as a deterministic, single-player game in
which a learned policy chooses gates to reduce the target matrix to the identity at
minimum total cost.

In our setting, reinforcement learning offers an advantage over supervised learning
by avoiding the need for labelled factorisations. Optimal labels are prohibitively
expensive beyond small instances, while labels from an existing algorithm encode
its limitations and select only one of the many valid factorisations of a target
matrix. Reinforcement learning instead evaluates a trajectory by whether it reaches
the identity and by the generator cost incurred, allowing it to discover alternative
factorisations with the same or lower cost.

Reinforcement learning also offers an advantage over generative methods, includ-
ing sequence-to-sequence ZX rewriting in Chapter 5 and diffusion-based circuit
synthesis [120]. These methods produce a complete circuit or diagram whose semantic
equivalence to the target must be verified after generation. In the matrix-group
environment, every action has an exact algebraic effect, so any trajectory that reaches

the identity certifies a valid factorisation, and hence a valid circuit, by Definition 51.
6.4.2  Reinforcement-learning basics

A reinforcement-learning problem can be formulated as a Markov decision process
(MDP). In the deterministic setting used here, an MDP consists of a state space &,
an action space A, a transition function 7 : § x A — §, and a reward function X :
S x A — R. At step t, an agent observes the state S, and selects an action A,, after

which the environment returns
St+1 = :T(StaAt)a Rt = je(SuAt)~ (130)

An episode is a sequence of interactions between the agent and the environment, from
an initial state until termination. The agent selects actions according to a policy 7 :
8§ — P(A), which assigns each state a probability distribution over actions. Training

adjusts the policy to maximise the expected discounted return
T7—1

]E7r Z’tht
t=0

where 7 is the episode length, bounded by a step cap, and v € [0, 1) is the discount

, (131)

factor. A wvalue function estimates the expected future return from a state under the
policy. The policy-value networks in Section 6.6 therefore return both action scores
and a scalar value estimate; their use during training and evaluation is described in
Section 6.8.1 and Section 6.8.2.
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6.4.3 Matriz-group MDP

For each qubit count n, let G,, be the matrix group generated by the available gate
matrices A,. The corresponding MDP has state space §, := G, and action space

A,,. Every action is available from every state, with deterministic transition
T, (M,G) := MG. (132)

Thus the agent traverses the Cayley graph by right multiplication. The size-agnostic

architectures in Section 6.6 share parameters 6 across qubit counts, inducing
Tgn + Sy — P(A,) for every n. (133)

When the qubit count is clear, we omit n and write .

Each episode starts at My = M., and ends successfully on reaching the identity,
or unsuccessfully on reaching the step limit. The reward function can penalise
generator costs, reward reaching the identity, and, where useful, provide a dense
measure of progress. These shaping terms influence learning but do not determine
whether a decoded circuit is accepted: only a trajectory that reaches the identity
is a valid synthesis, and successful outputs are compared using the stated gate-cost

objective.
6.4.4  Clifford environment

For Clifford synthesis, the state space is 8, := Sp(2n,F,) and the action space is
/lgl, comprising the generator matrices from Equation 121: H, and S, for each qubit,
and CZ, ; for each unordered pair.

Each CZ action incurs a penalty of 1, while each H or S action incurs a smaller
penalty of 0.01 to discourage cycles. We also give a bonus of 25 for reaching the

identity and include a normalised Hamming-distance shaping term:
|MG — L, (134)

+250(MG = I,) — ———

Here 1 denotes an indicator function and |-|, counts the non-zero matrix entries.
The terminal bonus discourages the policy from applying only low-penalty one-qubit

gates, while the final term provides a dense measure of progress towards the identity.
6.4.5 CNOT environment

For CNOT synthesis, the state space is §,, := GL(n,F,) and the action set is
ANOT - consisting of the n(n — 1) directed generators CNOT, ; with i # j from

Equation 118. Since every action is a costly two-qubit gate, we use

24 it MG=1,
—1 otherwise.

®.(M,G) = { (135)
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Thus every generator receives reward —1, while reaching the identity gives a +25
success bonus. A Hamming-weight shaping term may also be added as a warm-up
signal; AlphaCNOT [119] reports that this works well in practice. In our CNOT runs,
cross-size curriculum learning replaces this warm-up, so we omit dense Hamming-

weight shaping.
6.5 PERMUTATION SYMMETRY

Our cost model allows gates between every pair of qubits and assigns costs
independently of qubit labels. Such connectivity is available, for example, on trapped-
ion systems such as Quantinuum H2 [53]. Under this cost model, the qubit labels
are interchangeable: relabelling the qubits in a target matrix simply relabels the
gates in a synthesis without changing its cost. The same symmetry carries over to
the reinforcement-learning problem, where relabelling the state should relabel the
policy’s action probabilities while leaving its value estimate unchanged. These are
the equivariance and invariance properties formalised below.

Denote by Sym(n) the group of permutations of n elements, i.e. its elements
are bijections of the form o : {1,...,n} — {1,...,n}. If P, is the permutation matrix

associated with o, its action on the CNOT state space GL(n,F,) and generators is
— T .

For Clifford synthesis, define II := (%’ 1‘3 ), which applies P, to both the X and Z

coordinates. Its action on Sp(2n,[F,) and the Clifford generators is
o-M:= HO'MHZ)
UHZ = Ho’(i)’ O'-Si = So’(i)? o-CZ L= CZ

i, o(i),0(5)"

(137)

After relabelling, we write each CZ pair with the smaller index first. These actions

induce an action on distributions over generators by pushforward:
(0-w)(G)=p(c™'-G) for pePA. (138)

For either matrix group, the transition function is equivariant and the reward
function is invariant:

T(o-M,0-G)=0-T(M,G), Rlc-M,o-G)=R(M,G). (139)
The following result is a standard consequence of finite-MDP symmetry [121, 122].

It shows that we can impose equivariance on the agent’s policy without ruling out

an optimal policy.
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PROPOSITION 53 For either the CNOT or Clifford synthesis MDP with discount
factor v € [0,1), there exists an optimal stationary stochastic Markov policy m* :

8 — P(A) whose corresponding optimal value function V* : § — R satisfies

™o -M)=0c-1m(M), V*(o-M)=V*(M). (140)

The proof is given in Section C.1.1.

6.6 SIZE-AGNOSTIC EQUIVARIANT NEURAL ARCHITECTURES

A neural synthesiser should ideally be size-agnostic, so that a single set of learned
parameters can be reused across problem sizes. A familiar example of a size-agnostic
architecture is a convolutional neural network, whose shared filters can be applied
to images of different dimensions without changing its learned parameters.

Existing neural synthesis methods often train models for a particular device
architecture, qubit count, or target tableau. For example, Zen et al. [123] and Doherty
et al. [124] both train separate agents for individual stabiliser codes. Kremer et
al. [125] likewise train separate synthesis models for each circuit class, width, and
connectivity graph. Romanello et al. [126] do reuse an eight-qubit CNOT agent at
other widths. This reuses a fixed-width model by padding smaller circuits or splitting
larger circuits into eight-qubit sections, rather than making the model itself size-
agnostic.

This raises a natural question: can a single network be trained once and then
applied directly across qubit counts, without retraining or reducing each input to a
fixed width?

To construct policies that are both size-agnostic and equivariant, we begin by
(0)

associating each qubit i with an embedding h; ~ € R". These embeddings are updated
by permutation-equivariant neural layers whose parameters do not depend on the
number of qubits. Relabelling the qubits then simply permutes the embeddings, so
the final features can be read out as equivariant logits for gates on individual qubits

or pairs of qubits. Symmetric pooling of the embeddings gives an invariant value

estimate.
L times

Policy head
Y > {adeen
action logits "

Input state Embedding L.
Equivariant layer
v T e R
: i i Value head
: 7y > 14
symmetric pooling

Figure 32: General form of the size-agnostic equivariant actor—critic architectures used below.

Figure 32 shows the general construction, implemented for Clifford and CNOT
synthesis in Figure 33 and Figure 34, respectively. Their layers draw on Deep Sets

[127], Set Transformers [128], relation-aware Transformers [129], and relational graph
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neural networks [130]. The Clifford experiments use RelTransformer and RelGNN
as their principal variants, while the CNOT experiments use BiRel; the Clifford
ablation additionally tests an ordinary Transformer, an equivariant MLP, and an
unconstrained FlatMLP. Definitions of these ingredients are given in Section C.2.
Their cross-size generalisation is tested in Section 6.10 and Section 6.9.

For either circuit family, the actor produces one logit £, o(M) for every valid

generator G € A,,. The logits define the stochastic policy

exp(EQ,G(M))

Ton(G | M) := S e @0 (boe (M)

The critic independently returns a scalar V(M) estimating the expected discounted
return. Because softmax commutes with permutations, relabelling the action logits
permutes the corresponding action probabilities, while symmetric pooling leaves the

value estimate unchanged.
6.6.1  Clifford policy

Input. Recall that each row of the symplectic matrix M records the phase-free image
of one Pauli generator under Clifford conjugation: the first n rows record the images
of X, and the final n rows record the images of Z,. Grouping the rows and columns
by qubit arranges M into an n x n grid of 2 x 2 blocks. The directed effect of qubit
i on qubit j is captured by four bits: the X; and Z; components of the image of X,
and the X; and Z; components of the image of Z;. More explicitly, the corresponding

descriptor and learned pair feature are

di (M) = (My;, My i, My, 5o M,

1 170 T in4gr Tn4i, 50 n—«—i,n+j)7

r;; = Embed(d;;(M),1(i = j)).

At the end of the reduction, diagonal blocks must equal I,, while off-diagonal blocks
must be zero. The diagonal flag 1(i = j) tells the shared embedding map which case
applies. We then initialise each qubit embedding using symmetric row and column

summaries:

0) ._
h,” = goo(meanjrij,ma,xj T;j, Mean, r;;, Max; rﬁ,rii,ni),

Here n; collects equivariant rank-based count features, such as the fractions of non-

zero, rank-one, and rank-two blocks in block row and column 3.

Equivariant layers. Starting from the initial qubit embeddings, we apply L
permutation-equivariant updates. Any equivariant set architecture can be used here;
for example, an ordinary Transformer without positional encodings is permutation-
equivariant. We consider two equivariant relational variants designed to improve

information flow through the qubit embeddings. Both use feature reinjection: the
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pair features r;; are supplied at every layer, rather than only during initialisation.
This gives later layers access to pairwise information that may be lost when the

features are pooled into qubit embeddings. Schematically, one such update is

hEZH) =@, (hgg), aggregate,; [\Ife (hﬁe), hg-é), Tijs rji)] ) m) .

RelTransformer uses relation-aware attention, with r;; conditioning the attention

weights and values, while RelGNN uses r;; and r;; for edge-conditioned message
passing. Because the maps are shared across qubits and the aggregation is symmetric,
relabelling the qubits simply relabels the updated embeddings. Definitions of the
RelTransformer and RelGNN layers are given in Section C.2, and their shared data

flow is shown in Figure 33.

Readout. After L layers, shared heads score each one-qubit gate using the corre-
sponding qubit embedding, while a symmetric head scores each CZ gate using the
(L)

corresponding pair of qubit embeddings. Writing h; := h;”” and letting g be an

invariant global summary,
g := pool; (h;,n;),
6= py(hisriis 9),s Ezs = ps(hi, Tii, 9),
0F = pez (hy + hjy by © hy, |hy — hy| v+ 715,15 O, g) = £5F, i <4,
Vo(M) := py(9)-
The sums, elementwise products, and absolute difference supplied to the CZ head

are unchanged when 7 and j are exchanged. We use this deliberately broad set of

symmetric features, although some may be redundant.

L times
2 H, S policy H /S

Tii "heads {6 }1‘

Input Relational layer ¢ Output
}]"[” ' ]]"Ll i {
. | | 7,
ubit update CZ polic; Yios
l : ’ I - head Y —> {” i<j

g9
‘ Symmetric pooling I

o
Value y
Ron s o
R(M), {m};

Figure 33: Shared Clifford architecture for RelTransformer and RelGNN, using relation-aware
attention and message passing, respectively.

Table 6 later compares these relational models with simpler controls.
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6.6.2 CNOT policy
We first tested RelTransformer and RelGNN architectures, both of which learned

effective policies for this problem. However, the source and target qubits of a CNOT
gate are not interchangeable in the matrix update, so the policy must be able to
assign different scores to CNOT, ; and CNOT, ;. We found that the model benefited
from preserving this distinction throughout the network by maintaining two embed-
dings for each qubit: one for its role as source and one for its role as target. This led

us to the BiRel layer, which we now describe.

Input. For each ordered pair of qubits (i, j), the two directed matrix entries and a

diagonal flag are packed into a single lookup index:

Pooling these pair features by row and column initialises two embeddings for each
(0) (0)

; for the source stream and ¢, for the target stream.

qubit: s
Equivariant layer. A BiRel layer maintains two embeddings for every qubit: a
(6) (€

source embedding s, and a target embedding ¢;”. It updates the source stream
using relation-conditioned aggregates of the target stream, and vice versa. These

names follow the gate convention: in CNOT, ., ¢ is the source (control) and j is the

i,
target. Because the generator acts on the right, the corresponding matrix reduction
sends C; < C; @ Cj: the source-indexed column is therefore updated using the target-
indexed column.

Schematically, one layer may be written

£),src 4 0 £+1 4 £),src
NE R pool;; o) (35 )’tg‘ )arz‘jarji>, SE s Wi (3( L ! >,

£),tgt £ L 14 £+1 £ L £),tgt
:u“(L bt = pOOIj#i @Egi (Sg )7t£ )v Tjiv Tij)v tE v = wégz (t’(L )a :U“(L b )
Readout. After L layers, a nonsymmetric shared head scores each ordered generator:

g = pool, (sEL),tEL)>,

(L)

CNOT ._ (L)
4" = penot <si %

arijarjiag>a 7’7&]7
Vo(M) := py (9)-

Thus EZ-CjNOT and éjc.iNOT may differ, while relabelling the qubits still permutes the
ordered logits equivariantly. Symmetric pooling of both streams gives the invariant

value estimate. The complete data flow is shown in Figure 34.
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L times

BiRel layer ¢

L\ "
n R
Source {.5,“ } Source update }—‘ { : },7,
i=1
: 1
Target {1‘,"\‘} L™
{7}
i=1

Target update }—
g9
Symmetric pooling }—

CNOT policy {gCNOT}
head T iy

A
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Figure 34: BiRel architecture for CNOT synthesis. The coupled source and target updates are stacked
across L layers. Pair features condition every layer and the policy head; symmetric pooling supplies
the global summary g to both heads.

Because the network parameters do not depend on the number of qubits, the same
trained CNOT policy can be applied directly at different widths. Table 3 shows its

transfer from training on up to 20 qubits to targets of up to 30 qubits.

Further architectural details are given in the corresponding papers [4] and [3]. The
training configurations used for the principal reported experiments are summarised
in Section 6.8.1.

6.7 CURRICULUM

So far we have not defined how the initial target for each training episode is
chosen. Starting at a uniformly sampled group element, an untrained, randomly
initialised policy is very unlikely to reach the identity within the step limit. Apart
from the Hamming-distance shaping term used for Clifford synthesis, intermediate
rewards penalise gate use without indicating which actions move the state closer to
the identity. Successful trajectories therefore provide an important learning signal,
but would be extremely rare if training used only uniformly sampled targets.

We therefore use curriculum learning [131, 132], inspired by reverse curricu-
lum generation for sparse-reward goal-reaching problems [133] and DeepCubeA’s
approach of generating training instances by working backwards from the goal
in combinatorial puzzles [134]. Kremer et al. [125] apply a related approach to

constrained Clifford synthesis.
6.7.1 Two-dimensional random-walk curriculum

We sample elements from both matrix groups using the following random-walk
method. Write I for the identity element of G,. For n € N and d > 0, define 7, ; to
be the distribution over G,, obtained by drawing

L =|d|+ B, where B ~ Bernoulli(d— |d]). (141)

then sampling G, ..., G;, independently and uniformly from 4,, and setting
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MO =1 M® = M(’“_l)Gk, M = ML),

target

Reversing the sampled sequence gives a valid reduction, so every target drawn from
F,..a can be solved within L steps. Although d is not the target’s exact Cayley-graph
distance, it is the expected sampled walk length and therefore serves as a proxy for
target difficulty. The Bernoulli interpolation allows finer adjustments to the expected
walk length, particularly for short walks, while preserving E[L] = d and recovering
a fixed-length walk whenever d is an integer.

The training curriculum has two axes: the qubit count n and the expected
random-walk length d. At a fixed qubit count, we increase d once rollout success
reaches 90% for CNOT synthesis or 100% for Clifford synthesis. We increase the
qubit count after a fixed number of training steps or once a prescribed difficulty is
reached, depending on the experiment. The size-agnostic architecture lets us continue
training at the larger width directly from the preceding checkpoint, reusing the

learned parameters unchanged.
6.7.2  Random-walk limits

The following theorems show that the random walks used in our experiments
converge to the uniform distribution, consistent with our aim of training a synthesiser
that can handle any group element. We use the finite-state Markov-chain ergodic
theorem: an irreducible, aperiodic chain converges to its unique stationary distrib-
ution. Here A, generates G, , so each walk is irreducible, while right multiplication
permutes G, , so the uniform distribution is stationary. It remains only to establish
aperiodicity.

THEOREM 54 (CNOT random-walk limit.) For n > 3, the walk on GL(n,F,) that
right-multiplies by a uniformly sampled generator from ASNOT converges from the
identity to the uniform distribution. For n = 2, the corresponding fixed-length walk

has period two and does not converge.
The proof is given in Section C.1.2.
THEOREM 55 (Clifford random-walk limit.) Forn > 3, the walk on Sp(2n, ) that

right-multiplies by a uniformly sampled generator from {Hi,Si,CZi’j} converges

from the identity to the uniform distribution. For n =1 and n =2, the corre-

sponding fixed-length walk has period two and does not converge.

The proof is given in Section C.1.3.
6.8 TRAINING AND EVALUATION METHODOLOGY

6.8.1 Training

We jointly train the policy and value networks using proximal policy optimisation

(PPO), a standard policy-gradient algorithm [135]. PPO samples trajectories from
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the current policy and uses them to estimate advantages At, which measure whether
an action’s return was better or worse than the value network predicted. The
policy update therefore increases the probability of actions with positive estimated
advantage and decreases that of actions with negative estimated advantage. PPO
compares the updated policy with the policy that generated the trajectories through
the probability ratio

(A, | S;)

e cli - : N . A
r,(6) := e (A ] 5" L (9) := E, [min(r,(0) A, clip(r,(0),1 —&,1 + )4, )]

Maximising this clipped surrogate objective limits the benefit of moving the ratio
beyond [1 —e&,1+ €], which discourages excessively large policy updates. We use
the PPO implementation provided by PufferLib [136]. The training settings and
checkpoint choices for the Clifford RelGNN, Clifford RelTransformer and CNOT

BiRel experiments are given in Section C.3.
6.8.2 Policy-guided decoding

Policy-guided reduction uses two action-selection rules. During PPO training,
actions are sampled from the policy. We initially used separate greedy evaluations to
decide when to advance the curriculum. In later experiments, the sampled training
rollouts already achieved 100% success at the advancement point, so we used their
success rate directly and avoided the additional evaluation. For the main evaluations,
we use greedy decoding, applying the generator with the highest policy probability
at each step until reaching the identity or the step limit. The exception is the exact
six-qubit recovery experiment, which begins with a greedy pass and then samples
trajectories at several temperatures under a fixed compute budget, retaining the
best successful circuit. A successful reduction gives a circuit for the target using the
circuit-order conventions described in Section 6.2.

For Clifford synthesis, we also use the inverse-tableau trick of Gidney [137]: we
decode both M, and Mt;rlget, convert the latter solution back to a circuit for
M

target> a1 keep the shorter successful circuit. The CNOT experiments do not use

this comparison. For larger Clifford instances, we avoid revisiting a tableau whenever
an alternative action is available. We verify every trajectory and accept it as a valid
synthesis only if it reaches the identity.

The detailed candidate-ranking, target-representation, and search protocols are

recorded in Section C.4.
6.8.3 Benchmarks and baselines

We evaluate the learned policies as practical synthesis heuristics on finite random-
walk targets and uniformly sampled group elements. For both CNOT and Clifford
synthesis, we begin at small qubit counts where exact optima are known, then

compare with scalable heuristics once exhaustive search becomes infeasible.
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We begin with length-n? random walks in Table 3 and Table 4. Theorem 54 and
Theorem 55 show that these walks converge to the uniform distribution; Figure 35
and Figure 36 evaluate the policies directly on uniformly sampled targets. Table 6
compares the Clifford architectures on uniform six-qubit targets.

For small instances, we compare the resulting gate counts with certified optima.
We use the exact CNOT solver of Christensen et al. [115] through seven qubits
and our own meet-in-the-middle Clifford solver [4] through six qubits. Breadth-first
search and SAT [138] could provide equivalent exact references.

For larger instances, we compare against the scalable methods introduced in
Section 6.3. We use Qiskit’s synth clifford layers implementation for the Bravyi—
Maslov baseline. The Qiskit greedy baseline excludes the template and symbolic-
Pauli optimisations of Bravyi et al. [112], [113]. We also compare with AlphaCNOT
[119] where comparable results are available.

The Qiskit baselines use the same two-qubit-cost convention: CZ and CX each

count as one entangling gate, while SWAP counts as three.

6.9 CNOT SYNTHESIS RESULTS

The CNOT experiments minimise CNOT count. The finite-walk experiments
evaluate 100 targets generated by random walks of length n? at each qubit count.

The exact CNOT references are generated with the optimal CNOT synthesis
solver of Christensen et al. [115], which certifies minimum-size circuits through n =
7 qubits. AlphaCNOT reports aggregate results but does not release the synthesised
circuits behind them, so its published results cannot be compared with ours target

by target. We therefore rerun its method on our targets from five qubits onwards.
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Our policies Scalable baselines
n  Optimum AlphaCNOT
Checkpoint A, Final model A, , | AECM GGE PMH
4 5.35 - 5.35 0.00 5.95 +0.60 | 5.44 6.58 6.65
5 7.70 7.75 7.71 +0.01 8.42 +0.72 | 8.07 9.88  10.40
6 10.81 11.17 11.10 +0.29 12.22 +1.41| 12.03 14.76 15.46
7 13.50 14.88 14.23 +0.73 16.00 +2.50 | 15.65 19.56  20.99
8 - 21.38 18.42 — 19.83 - 19.98  25.21 27.56
10 - - 27.76 - 28.79 - 30.24 3847 41.73
12 - - 37.90 - 39.44 - 42.63  53.88 60.22
14 - - 50.95 — 51.95 - 57.41  71.20 81.19
16 - - 65.28 - 65.68 - 74.52  90.17 104.36
18 - - 80.86 - 80.98 - 94.10 111.39 128.61
20 - - 97.78 - 97.78 - 114.08 135.36 159.21
25 - - - - 150.63 - 181.35 201.51 241.94
30 - - - — 221.12 - 263.16 278.89 334.34

Table 3: Mean CNOT counts over 100 length-n? random-walk targets at each qubit count. Check-

point denotes the model obtained after training the curriculum up to that row’s qubit count; training

ended at 20 qubits. Final model is the 20-qubit checkpoint transferred without further training. Each

A, is the adjacent policy count minus the optimum. Boldface marks the best learned policy in each
row; lower is better.

6.9.1 FExact-reference regime

The four-qubit curriculum checkpoint matches the certified mean optimum.
Through seven qubits, each checkpoint remains within 0.73 CNOTs of the certified
mean optimum at its corresponding qubit count. The final 20-qubit model also
solves every target, although its performance at smaller qubit counts deteriorates as
curriculum training progresses to larger qubit counts.

From five qubits onwards, our equivariant, size-agnostic policy matches or
improves on AlphaCNOT-100-mix using a single greedy decode. AlphaCNOT uses
Monte Carlo tree search with 50 simulations per move and keeps the best of 100
stochastic attempts per target. Our method uses no tree search during either training

or inference: evaluation simply selects the highest-logit gate at each step.
6.9.2  Transfer beyond the training range

Trained on at most 20 qubits, the policy generalises without further training to
30 qubits, the largest size tested. At 30 qubits, it solves every instance and uses
221.12 CNOTs on average, compared with 278.89 for GGE and 334.34 for PMH. At
qubit counts seen during training, the final CNOT model uses at most 1.77 more
gates on average than the corresponding earlier checkpoint. Curiously, the Clifford
policy shows the opposite behaviour on seven-qubit targets: extending training to
ten qubits reduces its mean CZ count from 11.03 to 10.65 (Section 6.10.1). These

results are specific to the stated benchmark.
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6.9.3  Uniform-target generalisation

We next test elements sampled uniformly from GL(n,[F,) rather than from finite-
length random walks. By Theorem 54, the uniform distribution is the limit of these
walks. Exact optima are unavailable at these qubit counts, so we compare solution
quality against scalable baselines.

The model succeeds on every uniformly sampled GL(n,F,) target through 30
qubits. From 10 qubits onwards, it outperforms AECM, GGE, and PMH, including

beyond its training range.
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Figure 35: Mean CNOT counts for the transferred policy, AECM [111], GGE, and PMH [23] on 100
uniformly sampled GL(n,F,) targets at each qubit count [4].

At 30 qubits, the transferred policy uses 221.75 CNOTs on average, compared with

265.26 for AECM, 280.90 for GGE, and 334.31 for PMH. Its advantage therefore

persists under uniform sampling from the full group.

6.10 CLIFFORD SYNTHESIS RESULTS

The Clifford experiments minimise two-qubit gate count, reported as the number
of CZ gates. We report two sets of experiments. The RelTransformer is evaluated on
target tableaus sampled by length-n? random walks, measuring mean circuit quality
and transfer across qubit counts [4]. The RelGNN is evaluated on uniformly sampled
targets to measure circuit quality and reliability, and on the 1003-instance six-qubit
benchmark of Bravyi et al. [112] to test recovery of certified optima [3]. The six-
qubit ablation in Table 6 directly compares the two architectures and shows that

they achieve comparable performance.
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Kremer et al. [125] also use reinforcement learning for Clifford synthesis, but train
models for devices with restricted connectivity. Their synthesis problem is therefore
more constrained than ours, so we do not include their gate counts in the quantitative

comparisons.
6.10.1 RelTransformer: mean cost and transfer across qubit counts

At each qubit count, the RelTransformer experiments evaluate 100 targets
sampled by length-n? random walks. We implement a meet-in-the-middle solver
which certifies the optimum through six qubits, beyond which its time and memory

requirements become prohibitive.

. Our policies Scalable baselines

n  Optimum . - —

Checkpoint A ; Final model A, | Qiskit greedy B-M A-G
4 3.03 — - 3.03 0.00 3.48 4.12 6.78
5 5.07 - - 5.10 +0.03 6.30 842 11.65
6 7.47 7.73 +0.26 7.68 +0.21 10.48 13.26  20.24
7 - 11.03 - 10.65 - 16.33 20.49 29.13
8 - - - 13.86 - 22.65 28.48  39.05
10 - 22.24 - 22.24 - 37.03 48.21  66.79
12 - - - 32.57 - 55.78 79.16 102.27
20 - - - 106.46 - 171.83 295.21 318.85
30 — — — 296.71 - 397.44 793.79 747.56

Table 4: Mean CZ counts over 100 length-n? random-walk targets at each qubit count [4]. Check-

point is shown where a model was trained up to that row’s qubit count: six, seven, or ten qubits. Final

model uses the later checkpoint from the six-qubit curriculum in the exact-reference rows and the

ten-qubit checkpoint in the transfer rows, so the entries coincide at ten qubits. B-M denotes Bravyi-

Maslov [114]. Each A, is the adjacent policy count minus the optimum. Boldface marks the best
learned policy in each row; lower is better.

opt

After training on six-qubit examples, the model uses an average of only 0.26 CZ
gates more than the certified optimum on six-qubit targets. A later checkpoint from
continued training on the same six-qubit curriculum matches the mean optimum at
four qubits and exceeds it by only 0.03 and 0.21 CZ gates at five and six qubits.
Every reported policy result in this regime improves on the scalable baselines.

After extending the curriculum from six- to ten-qubit examples, the model solves
all 100 held-out ten-qubit targets with a mean of 22.24 CZ gates. Without further
training or reparametrisation, the same checkpoint can be applied at every larger
qubit count. It also retains its performance at smaller qubit counts: on the seven-
qubit batch, it averages 10.65 CZ gates, compared with 11.03 for the checkpoint
saved after training up to seven qubits.

At 30 qubits, the transferred policy uses 296.71 CZ gates on average, compared
with 397.44 for Qiskit greedy, 747.56 for Aaronson—Gottesman, and 793.79 for
Bravyi—Maslov. The same checkpoint thus improves on every listed scalable baseline
at three times the largest qubit count used in training. Results for uniformly sampled

targets at lower qubit counts are given in Section C.6.
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6.10.2 RelGNN: exact siz-qubit recovery

Since the preceding experiments show an average gap of less than one CZ gate
from the optimum, we next test whether policy-guided search can recover the certified
optimum for individual targets. Bravyi et al. [112] studied a benchmark of 1003 six-
qubit tableaus with known optimal CZ counts, drawn from the exhaustive database
of Bravyi, Latone, and Maslov [109]. We emphasise that the agent is trained only on
targets sampled by the curriculum described in Section 6.7.1, without access to these
tableaus or their optimal solutions. Accidental overlap is unlikely: even restricting
to six-qubit Clifford operators with optimal CZ count five leaves about 1.3 x 104
possibilities [109].

The RelGNN policy returns a valid circuit for every instance and recovers 995
of the 1003 optima (99.2%); each of the remaining eight circuits uses one additional
CZ gate. A single greedy pass over the full suite takes 0.83 seconds and recovers
507 optima. Brief policy-guided search raises this to 610 optima in 21 seconds, with

every circuit then within one CZ gate of optimal.

Decoder stage Optima Elapsed Maximum gap Mean gap

Greedy pass 507/1003 0.83 s 3 0.692
Brief search 610/1003 21s 1 0.392
Extended search  982/1003  21.6 min 1 0.021
Extended search  995/1003 183.1 min 1 0.008

Table 5: Decoding milestones on the 1003-instance exact six-qubit benchmark [3]. Gaps are learned

CZ count minus the certified optimum, with means taken over all 1003 instances. Elapsed times cover

the full suite; extended-search values record the first time each recovery level is reached during a
separate whole-suite search.

For comparison, the symbolic peephole optimiser of Bravyi et al. [112] recovered
982 of the 1003 optima after 217 hours and did not recover the remaining 21 after
a further 576 hours [139]. Although wall-clock timings are not directly comparable
because the experiments ran on different hardware, our search recovered 982 optima
in 21.6 minutes and 995 in 183.1 minutes. This recovery experiment is separate from
the 100-target mean-cost experiment above; Section C.4.1 gives the complete rollout

schedules, timing definitions, reduction counts, and hardware details.
6.10.3 RelGNN: uniform-target generalisation
We evaluate the RelGNN checkpoint trained up to ten qubits on 100 uniformly

sampled phase-free Clifford tableaus at each qubit count. Among the targets it solves,
the policy produces lower mean CZ counts than both Qiskit baselines throughout the
displayed range, but its solve rate falls at the largest qubit counts. The dotted curves

show the Qiskit means on the subset of targets successfully solved by the model.
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Figure 36: Uniform-target CZ-count comparison for the ten-qubit-trained RelGNN checkpoint under

the 6n2 rollout budget with the no-loop safeguard. The benchmark contains 100 uniformly sampled

phase-free Clifford tableaus at each qubit count. Learned means are conditional on successful synthesis,

and marker colour gives the solve rate. Solid curves show Qiskit’s mean CZ counts over all targets,
and dotted curves restrict these means to the targets solved by the learned policy [3].

At 30 qubits, the checkpoint solves 59 of the 100 targets, using 410.8 CZ gates on

average. Both Qiskit baselines use substantially more CZ gates on these same 59

targets, as shown by the dotted curves.
6.10.4  Architecture ablation

Finally, we test whether the relational architecture itself accounts for the
improvement on uniformly sampled six-qubit targets. Transformer uses ordinary
self-attention [102], MLP removes communication between qubits, and FlatMLP
applies an unconstrained MLP to the flattened tableau.

Policy family CZ count

RelGNN 13.49 £+ 0.01
RelTransformer 13.47 4+ 0.06
Transformer 14.12 + 0.28
MLP 15.88 £+ 0.05
FlatMLP 15.19 £+ 0.16

Table 6: Architecture ablation on 100 uniformly sampled six-qubit Clifford targets. Mean CZ counts
under deterministic no-loop greedy decoding are reported as mean 4 standard deviation over three
training seeds; all models solve every target [3].

RelGNN and RelTransformer are essentially tied and outperform the non-relational

controls. This suggests that explicitly incorporating pairwise tableau information
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matters more than the choice between attention and message passing. Evaluation

details are recorded in Section C.4.3.

6.11 CIRCUIT EXTRACTION

The matrix-group synthesis framework also provides a circuit-extraction proce-
dure for reduced ZX-diagrams. We begin with the simpler CNOT case, in which the
parity map is read directly from the diagram, before generalising to Clifford circuits

using tableaus obtained from Pauli webs.
6.11.1 CNOT GSLC extraction

The parity map is the biadjacency matrix between the two vertex sets of the
CNOT GSLC normal form introduced in Theorem 15. In Figure 37, rows z, and
columns y; index these sets, and a black marker records each connection. Matrix
reduction and graphical extraction then proceed in lockstep: each column addition

to the parity grid corresponds to extracting a CNOT onto the output boundary.
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Figure 37: Extraction of a three-qubit circuit from a CNOT GSLC diagram.
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6.11.2  Clifford GSLC extraction

The phase-free operation tableau can be obtained from a Clifford GSLC diagram

using the Pauli webs introduced in Section 3.7. Edges between the y, vertices

represent CZ gates, while the Clifford phases on those vertices represent powers

of S. In Figure 38, tableau reduction and graphical extraction proceed in tandem:

each right multiplication extracts the corresponding Clifford gate onto the output

boundary.
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Figure 38: Extraction of a three-qubit Clifford circuit from a Clifford GSLC diagram.
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The Clifford policy can also support circuit extraction from graph-like ZX-
diagrams through the ZX-flow framework of Kissinger and van de Wetering [74].
Ordering the phase gadgets consistently with the diagram’s flow gives phase-gadget
layers interleaved with Clifford skeletons. Each skeleton can then be converted to a

tableau and resynthesised by the learned policy.

6.12 DISCUSSION AND LIMITATIONS

This chapter presented reusable neural policies for CNOT and Clifford circuit
synthesis. On the reported random-walk benchmarks, they achieve state-of-the-
art results through 30 qubits. A single model for each problem can be applied to
unseen targets and qubit counts without retraining. This is achieved using custom
equivariant relational architectures that reflect the matrix structure of the state and
the directed or symmetric gate actions.

The learned Clifford policy also recovers 995 of the 1003 certified optima in the
exact six-qubit benchmark, with each of the remaining eight circuits one CZ gate
above optimum. These references came from an exhaustive database that required
substantial computational effort to construct and is not fully publicly available.
Policy-guided search thus recovers almost all of these optima without constructing
an exhaustive database.

Empirically, the learned policies give the best results among the methods evalu-
ated on the stated benchmarks. Beyond the widths for which exact references are
available, however, we cannot certify that a returned circuit is optimal, even when it
happens to be so. We also cannot guarantee that a policy rollout reaches the identity.
If a rollout reaches the step limit, a deterministic synthesis algorithm can complete
the reduction of the residual tableau. This guarantees a valid circuit even when the
learned policy does not reach the identity on its own.

Scalability presents a further limitation. Each policy step processes O(n?) pair
features and candidate gates, so even a rollout of linear length costs O(n?); longer
rollouts cost more. A factorised policy could avoid scoring every pair jointly, while
hierarchical multi-gate actions could reduce the number of policy steps.

Finally, the architectures and two-dimensional curricula may transfer to related
synthesis problems. Future work on circuit extraction could integrate the synthesisers
with PyZX and, more ambitiously, train an agent directly on a Pauli-dependency
DAG or Pauli semiweb. Such an agent could jointly choose the phase-gadget order
and optimise the intervening Clifford regions, targeting the two-qubit count of the

whole circuit rather than each region independently.
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cureren VI

Conclusions

This thesis studies the compilation of quantum circuits using tools from the ZX-
calculus and machine learning, with the aim of reducing the resources required for
large-scale quantum computation. We focus mainly on two compilation objectives:
the minimisation of parametrised rotation gates and the minimisation of entangling
gate count. We prove parameter-count optimality under a restricted class of reduc-
tions and learn synthesis policies that approach known minimum entangling-gate
counts. Together, these results illustrate the complementary roles of graphical
reasoning and machine learning in circuit compilation. Graphical calculi expose
algebraic structure, while neural networks learn to exploit such structure to guide

optimisation. Our contributions are as follows:

Parametrised optimisation (Chapter 4). We prove that phase teleportation
minimises parameter count among affine parsimonious reductions of parametrised
Clifford circuits in which each parameter occurs once. This result extends to
measurement-based computations with gflow and distinct measurement parameters.
Allowing fixed T gates or repeated parameters makes parameter optimisation NP-
hard in post-selected Clifford circuits.

Learning ZX rewriting (Chapter 5). We train an encoder—decoder Transformer to
learn ZX-diagram transformations from examples generated by PyZX’s full reduce,
without supplying rewrite rules or the diagrams’ underlying semantics. The results
show that Transformers can learn complex graph transformations from examples
alone, providing evidence that they capture stabiliser structure. However, accuracy

decreases as sequence length increases, limiting generalisation to larger circuits.

Matrix-group synthesis (Chapter 6). We train reinforcement learning agents to
synthesise unseen Clifford and CNOT circuits of varying size and depth. Their mean
gate counts are within one gate of the optimum on benchmarks with known optimal
solutions, and they outperform existing baselines on larger circuits. We introduce a
two-dimensional curriculum that increases both circuit size and synthesis difficulty,
supported by equivariant, size-agnostic architectures that allow the same policy to

operate across qubit counts.
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7.1 FURTHER WORK ON PARAMETRISED OPTIMISATION

One of our motivations for studying the compilation of PQCs was the coinci-
dence in T-count between PyZX’s phase teleportation algorithm [20] and Zhang
and Chen’s [40] TOpt algorithm. Since our work first appeared, Vandaele, Perdrix
and Vuillot [87] have built on it to establish the corresponding parameter-count
optimality result for the phase-merging procedure used by TOpt. This explains why
the two algorithms reach the same optimum for parametrised Clifford circuits with
independent parameters in the reduction model studied here.

We have established optimality when the parameters are independent, and shown
that allowing parameters to repeat makes the optimisation problem NP-hard in the
post-selected setting. However, this still leaves room for optimisation algorithms
that exploit further rewrite rules involving repeated parameters. For example, Mori,
Hakoshima and Fujii’s [140] multiproduct commutation relations allow whole groups
of Pauli rotations to commute even when pairwise commutation cannot achieve
the same rearrangement. Such rules could expose further opportunities for merging
and cancelling parametrised rotations beyond those found by existing phase-folding
algorithms. Future work could characterise these rules, express them graphically, and
incorporate them into a compilation algorithm.

The relationship between affine and parsimonious reductions also remains to be
fully understood. In our paper [1], we showed that an affine reduction with non-trivial
input parameters can be replaced by a parsimonious reduction whenever each input
parameter is copied to at most three output locations. The proof is not reproduced
in this thesis. We conjecture that the same holds without a bound on the number of

copies, which would extend our optimality result to all affine reductions.

7.2 FURTHER WORK ON LEARNED CIRCUIT SYNTHESIS

We formulate CNOT and Clifford synthesis as matrix-group synthesis problems.
Both involve binary matrices, but the same framework suggests extensions to other
groups. For instance, the shortest-word problem over the group S, of n X n permu-
tation matrices, with allowed swaps as generators, corresponds to synthesising a
swap network with the fewest gates for a given permutation. Synthesis over the
special orthogonal group SO(2n) corresponds to implementing a fermionic Gaussian
transformation using elementary Gaussian gates, with the matrix describing its
action on 2n Majorana operators up to global phase [141]. Synthesis over the unitary
group U(n) corresponds to implementing a passive n-mode optical interferometer
using beam splitters and phase shifters [142].

We expect the equivariant, size-agnostic architectures and two-dimensional cur-
riculum to be useful in these settings when the available operations and their costs

respect mode relabelling. A single trained model could then solve new instances
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across different qubit or mode counts without retraining. For continuous groups, the
synthesiser would also need to choose gate parameters, either analytically or through
learning.

A broader direction is to use matrix-group synthesisers as building blocks for
general-purpose compilers, extending beyond pure CNOT and Clifford circuits to
phase polynomials and Clifford+7 circuits. ZX-flow [74] and Pauli Dependency
DAGs (PDDAGS) [39] offer two possible approaches: they expose Clifford transfor-
mations within a larger computation while retaining the constraints on the ordering
of non-Clifford rotations. The extraction interfaces in Section 6.11 provide a starting
point for integrating our synthesisers with these representations. For Pauli networks,
Dubal et al. [143] train resynthesisers for four-, five- and six-qubit subgraphs of the
heavy-hex topology, then apply them to larger circuits through peephole optimisa-
tion. Our equivariant RL approach generalises to at least 30 qubits for CNOT and
Clifford synthesis, suggesting that a single size-agnostic model could also tackle larger
Pauli networks directly. This could improve circuit quality by exploiting optimisation
opportunities across the boundaries of small peephole blocks.

A further question is how to allocate computation between training and inference-
time search. Brown et al. [144] demonstrated the power of combining reinforcement
learning with search, while Jones [145] measured a trade-off between training and
search compute for AlphaZero agents playing Hex. AlphaCNOT [119] already uses
planning and tree search for CNOT synthesis. Combining these techniques with our
equivariant, size-agnostic approach would allow us to study how gate count and solve
rate depend on training budget, search budget and qubit count, and when additional

search is more effective than further training.

7.3 OUTLOOK

Recent demonstrations of below-threshold quantum error correction on supercon-
ducting processors [51] and fault-tolerant operations on neutral-atom devices [146]
mark substantial progress towards large-scale fault-tolerant quantum computation.
Alongside advances in hardware, better compilation can help close the gap between
the machines we can build and the resources our algorithms require.

The tools available for this task are also evolving. The ZX-calculus increasingly
supports reasoning about fault-tolerant computation, through Pauli webs [72] and
distance-preserving rewrites [147] that connect graphical reasoning with error pro-
tection. Meanwhile, advances in large language models and agentic Al are expanding
the possibilities for automated algorithmic discovery: systems such as AlphaEvolve
already propose, evaluate and refine algorithms through computational feedback
[148].

This thesis shows how graphical reasoning and reinforcement learning can work

together to reduce the resources required by quantum circuits. This is only a
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beginning. Combining machine learning with diagrammatic techniques can push the
frontier of quantum computation, uncovering new mathematical results and enabling

new tools for reasoning, discovery and compilation.
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APPENDIX A

Algebraic Foundations of Circuit
Synthesis

This appendix collects the group-order calculations and synthesis-bound proofs
used in Chapter 2 and Chapter 6. We first derive the orders of the binary general
linear and symplectic groups, then prove the CNOT and Clifford synthesis bounds
under the cost models stated in the main text. The CNOT bounds follow Patel,
Markov and Hayes [23]; the Clifford upper bound uses the canonical form of Aaronson
and Gottesman [28].

A.1 ORDERS OF THE SYNTHESIS GROUPS

PrOPOSITION 52 For every n > 1, the orders of the CNOT parity-map group
and the phase-free Clifford tableau group are

n—1

|GL(n, )| = H(2" —2%),
k=0
ISp(2n, )| = 2 f[(4j —1).

In particular, both orders are 20(n?),

Proof. The columns of an invertible binary matrix form an ordered basis of IF}'. After
k independent columns have been chosen, their span contains 2¥ vectors, leaving
2" — 2F choices for the next column. Thus

n—1

IGL(n,F,)| = JJ (2" — 2¥) > 2n(n=D). (142)
k=0

The counting argument for Sp(2n,F,) is similar, but must also account for the sym-

plectic restriction. An ordered basis (v, wy, ..., v,,, w,, ) is symplectic when (v;, v;)y, =

ey Uy
(w;, w;)g, =0 and (v;,w;)s, = d;;. The first vector v; may be any non-zero vector,
giving 22" — 1 choices. Its partner w; must satisfy (vy,w;)g, = 1, which holds for

22n71

exactly half of the vectors in F2", giving choices. After k pairs have been chosen,
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all subsequent vectors must lie in the symplectic complement of their span, which

has dimension 2(n — k). Thus v, has 2%"7%) —1 choices and wy; has 22—~
choices. Hence
n—1
ISp(2n, F,)| = I]:z%n—k%4(2ﬂn—k)__1)
k=0
n (143)
j=1

For n > 2, bounding each general-linear factor between 2"~ and 2" gives 2"*~1) <
|GL(n,F,)| < 2%, Similarly, 2271 < 47 — 1 < 2% gives 22" < [Sp(2n, F,)| < 227°+7.
These bounds establish the claimed 22("*) growth. O

A.2 CNOT COUNTING LOWER BOUND

PROPOSITION 1 Let doyorp(n) be the mazimum, over invertible n X n binary
targets, of the minimum CNOT count for ancilla-free synthesis with all-to-all

connectivity and fixed input and output labels. For n > 2,

n(n—1)

2 g 1)~/ logn).

dCNOT(n)

Proof. By Equation 142, there are at least 2*("~1) invertible binary targets.
There are n(n — 1) directed CNOT placements. Adding an identity symbol lets us
pad any circuit of at most d gates to a word of length d, so such circuits realise at most

(n(n — 1) + 1)? different targets. If every target is realisable within d gates, then

(n(n—1) + 1)? > |GL(n, F)| > 2"V,

n(n—1) B 9
d > g -1+ 1) Q(n?/logn).

A.3 CLIFFORD COUNTING LOWER BOUND

PropPoOsSITION 2 With single-qubit Clifford gates free, ancilla-free Clifford syn-
thesis on all-to-all connectivity requires Q(n2/logn) CNOTs in the worst case.

The same bound holds when CZ is the entangling gate.

Proof. A single-qubit Clifford, up to global phase, is determined by its images of
X and Z. The first image has six signed Pauli choices; the second has four choices

anticommuting with the first. Thus there are at most 24 possible local factors.
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Fix a sequence of £ CNOT placements. On each wire, commute local gates past
operations on other wires and combine all local gates between successive CNOTs
touching that wire. If wire ¢ participates in a; CNOTSs, it has a; + 1 local factors.
Since Zz a; = 20, there are at most n + 2¢ factors altogether. Let N(n,d) count
the distinct operators implementable with at most d CNOTs. To cover all Clifford

targets, Equation 142 requires
d
2" < N(n,d) < Z (n(n —1))f24n+2¢

< 247(1 4 242n(n — 1))",
Hence

n(n — 1) — nlog, 24
~ logy(1 4+ 242n(n —1))

= Q(n?/logn).

Free Hadamards convert each CZ to one CNOT and conversely, so the same argument

applies to CZ count. O

A.4 MATCHING CLIFFORD UPPER BOUND

The construction in Section 2.3.2.3 gives d¢yg(n) = ©(n?/logn) for ancilla-free
synthesis with all-to-all connectivity, fixed wire labels, and free single-qubit Clifford

gates, whether CNOT or CZ is used as the entangling gate.
Proof. Apply the PMH bound [23] separately to the five CNOT stages of the

Aaronson—-Gottesman canonical form. Each costs O(n?/logn) CNOTs, and their
number is independent of n. The remaining stages use only free single-qubit gates.
This gives the upper bound, while Proposition 2 gives the lower bound. Replacing
CNOTs with locally equivalent CZs preserves the entangling count. O

132



TECHNICAL RESULTS FOR PARAMETRISED COMPILATION

APPENDIX B

Technical Results for Parametrised
Compilation

B.1 PARAMETER-DEPENDENT SCALARS

This appendix proves Proposition 27, the scalar-constancy result used in Chap-
ter 4. We first establish the one-parameter case, then extend the argument to all

parameter inputs. Non-triviality is as defined in Definition 24.
LEMMA 56 Let D, [a] and D,[a] be parametrised diagrams with a single parameter

o, which is non-trivial in D;. Suppose

Dy[a] = A(a) D[] (144)

for every a, with A(a)) # 0. Then A is constant and D] = pDs for some p € C\ {0}.

Proof. Choose distinct a, 8 for which the two diagrams are non-zero. Such a pair
exists because a non-trivial one-parameter diagram can vanish at no more than one
value. Non-triviality makes D, [a] and D, [8] non-proportional, and therefore also

makes D,[a] and D,[f] non-proportional. For any third value v, write
[+,) = al+4) + bl+5) (145)

using Lemma 21. When + differs from « and 3, both a and b are non-zero. Linearity

gives

Dy[] = aX(e) Dy[a] + bA(B) Do [B]. (146)
Applying the proportionality at v and expanding D,[y] in the same basis gives

Dy ] = aA(v) Dafa] + bA(y) Dy[5]. (147)
Subtracting,

a(Ma) = A(y)) Dele] = =b(A(B) — A(7)) D, 5] (148)
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The two diagrams are non-proportional, so both coefficients vanish. Hence A(a) =
A(B) = A(v). Since v was arbitrary, A = p is constant. Since |+,) and [+g) form a
basis, D] = uDj. O
COROLLARY 57 Let D;[a] and Dyla] be parametrised diagrams with a single
parameter «, which is non-trivial in Dy . If for each r € {0,1,2,3} there is a non-
zero scalar A, with

D, [rg] = \.D, [rg] (149)

then Dj = pDy, for a constant non-zero scalar p. At any Clifford value where the

diagrams are non-zero, the corresponding A, equals p.

Proof. At most one of the four evaluations can vanish, since two zero evaluations
would make the parameter trivial. Choose three non-zero Clifford evaluations. The
argument of Lemma 56 shows that their scalars are equal. Equality on any two of
the corresponding basis states gives Dj = puDj. Any scalar assigned at a common

zero is immaterial. O

B.1.1  Scalar constancy for all parameters

ProprosiTION 27 Let D; and D, be parametrised diagrams with the same

parameters, all non-trivial in Dy . If
D, [&] = )‘(&)Dz [&]

for every & and some function X : R¥ — C\ {0}, then there is a constant N € C\
{0} such that D{ = X' D,

Proof. First leave the input wire for a; open and fix every other parameter to an
arbitrary Clifford assignment se {0, 5>, 3§}k_1. The resulting one-parameter slice
is non-trivial by Definition 24, so Lemma 56 gives

(D1 [:3])" = ns(Da[ ] (150)

Now leave the a, wire open as well. For fixed Clifford values of ag,...,qy, the
displayed equality is known at all four Clifford values of a,. The second parameter
remains non-trivial after the first wire is opened: proportional open maps would
remain proportional after plugging any Clifford value into that first wire, contrary
to Definition 24. Therefore Corollary 57 applies and removes the dependence of g
on .

Repeat this argument for each remaining parameter. At each step, Corollary 57
shows that the scalar is independent of that parameter and that proportionality
holds with its wire left open. After all k£ wires have been opened,
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Dj = uDj (151)

for a single non-zero constant pu. O
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APPENDIX C

Supplementary Details for Matrix-
Group Reinforcement Learning

This appendix collects proofs about equivariant policies and random-walk cur-
ricula, neural-layer definitions, complete training configurations, and the detailed
decoding and evaluation protocols supporting Chapter 6. The group-order and syn-

thesis-bound proofs used by that chapter and Chapter 2 are collected in Appendix A.

C.1 TECHNICAL RESULTS
C.1.1  Equivariant optimal policy

PrROPOSITION 53 For either the CNOT or Clifford synthesis MDP with discount
factor v € [0,1), there exists an optimal stationary stochastic Markov policy m* :

S — P(A) whose corresponding optimal value function V* : § — R satisfies

™(o-M)=0-1(M), V*(o-M)=V*(M).

Proof. For either MDP, let V* be the unique solution of its discounted Bellman
optimality equation,
V(M) = max|R(M, G) +7V* (T (M, G))]. (152)
S
For a fixed o € Sym(n), define W_(M) := V*(o - M). Applying Equation 152 and
reindexing the maximum by the bijection G = o - G gives
W_(M) = glaicq[ﬂe(a M, G")+~4V*(T (o0 - M,G"))]
‘e

:Iélg)q([ﬂe(a-M,a-G)+’)’V*(7(0"M>U'G))]

= glg)q([ﬂ?(M, G)+~V*(o-T(M,G))]

= glgﬁ[??(M, G) + YW (T (M, QG))].

(153)

Hence W, is another fixed point of the Bellman optimality operator. Uniqueness

gives W = V*, and therefore
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V(o - M) = V*(M). (154)

Now define the optimal action-value function and the set of optimal actions by

Q" (M,G) = R(M,G) +V*(T(M,G)),
A*(M) = argmax Q" (M, G). (155)
The equivariance of T, invariance of %, and Equation 154 imply
Q*(c-M,0-G) = Q*(M,G), (156)
SO
A*(o- M) = o - A*(M). (157)

Let 7*(- | M) be the uniform distribution over A*(M). It is optimal because it is
supported only on maximising actions. Since the group action bijectively maps the

maximising set at M to the maximising set at o - M, it also satisfies
™(c-G|o-M)=7(G | M), (158)

which is equivalent to 7*(o - M) = o - #*(M).
If the objective includes a fixed rollout limit, augment the state with the number
of remaining steps. Qubit permutations leave this coordinate unchanged, so the same

proof applies to the augmented state space. O

C.1.2 CNOT random-walk convergence

THEOREM 54 (CNOT random-walk limit.) For n > 3, the walk on GL(n,F,)
that right-multiplies by a uniformly sampled generator from ./l,CLNOT converges from
the identity to the uniform distribution. For n = 2, the corresponding fixed-length

walk has period two and does not converge.

Proof. CNOT gates generate GL(n,T,), so the walk is irreducible. Right multipli-
cation permutes its elements, making the uniform distribution stationary. By the
finite-state Markov-chain ergodic theorem, it therefore suffices to establish aperiod-
icity for n > 3.

Every CNOT generator is an involution by Equation 119, so applying it twice
gives a two-step return to the identity. On qubits 1, 2, and 3, the identity

gives a five-step return whenever n > 3:
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The period divides both two and five and is therefore one.
For n = 2, direct enumeration shows that even-length walks reach three group
elements and odd-length walks reach the other three. The walk therefore has period

two and does not converge. O

C.1.3  Clifford random-walk convergence

THEOREM 55 (Clifford random-walk limit.) For n > 3, the walk on Sp(2n,[F,)
that right-multiplies by a uniformly sampled generator from {Hi,Si,CZm-} con-
verges from the identity to the uniform distribution. For n =1 and n =2, the

corresponding fized-length walk has period two and does not converge.

Proof. The H, S and CZ gates generate the binary symplectic group, so the walk is
irreducible. Right multiplication preserves the uniform distribution. As in the CNOT
case, the finite-state Markov-chain ergodic theorem reduces convergence for n > 3
to aperiodicity.

Every generator is an involution, giving a return of length two. For n > 3, the

relation
HlCZLzHlCZL3H1C2273C2172HlCZL3 =7

is represented by the circuit

—]———O—0T0—O0—T0—O0—1O—0O—

o
U

! L

This relation involves only qubits 1, 2 and 3, giving a nine-step return to the identity

o

for any n > 3. The period divides both two and nine and is therefore one. Direct

enumeration gives period two for n =1, 2. O

C.2 EQUIVARIANT LAYER VARIANTS

This section gives schematic definitions of the neural-layer variants used in the
Clifford experiments and architecture ablation. Write H*) = {hy)} for the qubit
i

embeddings entering layer ¢, and write R = {rij}, _ for the fixed pair features
0.j

obtained from the input tableau. Every equivariant variant shares its learned maps

across qubit indices.
C.2.1 Deep Sets

Deep Sets [127] process unordered inputs using shared elementwise maps and

symmetric aggregation:
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s = pool; 1, <h§£)>,

h(.£+1) =, <h§£)’ S(f)) .

K3

9 is invariant to relabelling, so the updated embeddings

The pooled summary s
remain equivariant. Using sum, mean or maximum pooling allows the same layer to

process any number of qubits.
C.2.2 Set Transformer

Set Transformers [128] use self-attention without positional encodings to process

B©

unordered inputs. For one attention head, let g; := WQh(E) kj:= Wih;

i , and v, =
Wy-h'”. Then

e AT
] Zm eXp(qum/\/a) I

J

Multi-head attention applies several such updates in parallel before a shared
projection. Relabelling the inputs simply relabels the outputs. This is the ordinary

Transformer used in the Clifford architecture ablation.
C.2.3  RelTransformer

The RelTransformer uses the relation-aware attention of Shaw et al. [129]. For one
attention head, let ¢, := Wthe), kj = Wthz), and v; = thy). The pair features

provide learned key and value corrections afJ{ = Ky (rij) and al‘g =V, (rij), giving

g (k;+af;) _exp(sy)

TV TR (s

Ui = hgf) + Z 0 ('Uj + a@‘g), h§e+1) i=u; + FFy(uy).
J

Multi-head attention applies several such updates in parallel before a shared projec-
tion. With no positional encoding, relabelling the qubits relabels the outputs, while

the pair features allow the attention to depend on the tableau.
C.2.4 RelGNN
The RelGNN uses message passing as described by Gilmer et al. [130], with qubits

as nodes and pair features as edge features:

4 4 £
mg(l] = (’Qggg (h’(L ), hg )JTZ‘]’TJZ>’

u = aggrogate;myl;, Y = o) (h?),uﬁe))-

17 7 upd
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Because the maps are shared and aggregation ignores message order, relabelling the
qubits simply relabels the updated embeddings. Hartford et al. [149] give a closely
related treatment of pair-indexed arrays. In the Clifford implementation, the node

update also receives the rank-based progress features described in Section 6.6.1.
C.2.5 MLP controls

The equivariant MLP removes communication between qubits. Each embedding

is updated independently by the same learned map,
241 ¢
MO g (10)

Finally, FlatMLP flattens the tableau into one fixed-dimensional vector and applies
an unconstrained MLP. It is neither permutation-equivariant nor size-agnostic and

therefore serves as the unstructured control.

C.3 TRAINING CONFIGURATIONS

This section gives the training configurations for three sets of experiments: the
Clifford RelGNN experiments and RelTransformer architecture ablation from our
Clifford-synthesis paper [3], and the CNOT BiRel experiments from our subsequent
matrix-group synthesis paper [4]. All three used PPO with a random-walk curricu-
lum. The settings and checkpoint choices below combine the published details with

archived training records.
C.3.1 Clifford RelGNN

We trained the RelGNN on six-qubit targets, then continued training on ten-
qubit targets. Table 7 gives the six-qubit training settings. Curriculum difficulty
denotes the expected random-walk length defined in Equation 141.

Hyperparameter Value Hyperparameter Value
Training steps 1.5 x 10° Parallel environments 2048
Rollout length 256 Curriculum range difficulties 1-1000
Advance threshold success = 1.00 Learning rate 2.5 x 1074
Batch size 8192 Epochs per update 5
Discount ~ 0.99 GAE A 0.95
Policy clip 0.15 Value clip 0.2
Hamming-shaping scale 0.5 One-qubit cost 0.01
Terminal bonus 25 Algorithm PPO

Table 7: Six-qubit Clifford RelGNN training configuration [3].

The reported results use one checkpoint at each width. The training seed, checkpoint-

selection rule, training time and hardware were not recorded in the paper.
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C.3.2  Clifford RelTransformer

For the architecture ablation, we trained three six-qubit RelTransformer models

with seeds 0, 1 and 2. Each used two relation-aware attention layers, four attention

heads and 128-dimensional qubit representations. Figures 8-9 give the model, PPO

and curriculum settings. The ablation reports means and standard deviations over

the three seeds (Table 6).

Hyperparameter Value Hyperparameter Value
Training topology SlXiQUblt Seeds 0,1,2
curriculum
Hidden dimension 128 Relation dimension 128
Attention layers 2 Attention heads 4
Training budget 1.5 x 10° steps Parallel environments 2048
Rollout length 256 Minibatch size 8192
PPO epochs per update 4 Learning rate 2.5 x 107
Discount ~ 0.99 GAE )\ 0.95
Initial entropy coefficient 0.08 Entropy floor 30% of initial
Value-loss coefficient 0.5 Maximum gradient norm 1.5
Policy clip 0.15 Value clip 0.2
Optimiser Adam Adam (84, B5) (0.9,0.999)
Adam ¢ 1075 Reward clipping disabled
Target-KL stopping disabled Training precision bfloat16

Table 8: Model and PPO settings for the six-qubit Clifford RelTransformer ablation.

Hyperparameter Value Hyperparameter Value
Initial difficulty 1 Maximum difficulty 1000
Difficulty increment 0.25 Advance threshold success > 0.90
Progression source training rollouts  Progression probe episodes 200
Near-threshold margin 0.02 Plateau-probe delay 20 checks
Minimum advance
Plateau-probe interval 10 checks . 1
evaluations
Direct-advance window 5 Evaluation frequency 98,304 steps
Evaluation episodes 200 Reward mode Hamming shaping
Hamming-shaping scale 0.5 One-qubit cost 0.01
Terminal bonus 25 Repetition penalty 0
Minimum episode limit 32 Limit from difficulty 12 1000
Episode-limit headroom 2.2 Episode-limit slack 64
Plateau window 300 checks Plateau gate success = 1.00
Plateau stopping EMA 0.95 Entropy-rescue patience 3 checks
Entropy-rescue multiplier 2 Optimiser reset on rescue disabled

Table 9: Curriculum, reward and evaluation settings for the Clifford RelTransformer ablation.

Each run had a maximum budget of 1.5 x 10° environment steps. The ablation used

the following checkpoints, saved before that budget was reached.

Seed Environment steps Difficulty
0 531,103,744 250.75
1 522,190,848 246.75
2 530,579,456 250.50
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C.3.3 CNOT BiRel

We trained a two-layer BiRel actor—critic with hidden dimension 96. All runs
used 2048 parallel environments and two PPO epochs per update, with v = 0.99 and
GAE X =0.95. The entropy and value coefficients were 0.01 and 0.5, respectively,
and gradients were clipped at norm 1. The curriculum advanced at a success rate
of 0.90.

The 8- and 10-qubit runs started from random initialisation. The 12-, 14- and 16-
qubit runs continued from the 10-qubit checkpoint, while the 18- and 20-qubit runs
continued from the 12-qubit checkpoint. Table 10 gives the settings that varied with

qubit count.

Rollout

Qubits Batch size Learning rate PPO clip Difficulty step
length
8 256 8192 2.5 x 1074 0.2 0.1
10-14 512 16,384 2.5 x 107 0.2 0.5
16 512 16,384 1.25 x 1074 0.1 0.5
18-20 256 8192 1.25 x 107* 0.1 0.5

Table 10: CNOT BiRel training settings that vary with qubit count.

All runs used seed zero, so these experiments do not measure variability across
independent training runs. Each run had a maximum budget of 20,000 updates, but

plateau stopping ended training between updates 700 and 900.

C.4 DECODING AND EVALUATION PROTOCOLS

This section gives the Clifford decoding and evaluation procedures used in Sec-
tion 6.10. We represent targets and check successful synthesis using phase-free binary
symplectic tableaus. Uniform targets are generated with Qiskit’s random clifford,
retaining only its symplectic matrix and discarding the Pauli signs.

We rank candidate circuits by CZ count, using total gate count to break ties. In
the combined exact-recovery search, we compare candidates only by their CZ count

above the known optimum.
C.4.1  Ezact-recovery search

Greedy decoding is applied once to the target tableau and once to its inverse.
Of the successful circuits, we keep the one with lower CZ count, breaking ties by
total gate count. The extended search also uses both tableaus, with a limit of 512
generator applications per trajectory and 2048 parallel environments.

We combine the results from four temperature schedules: t40, t/0— greedy, t40—
t25 and t40—t12. The t/0 schedule uses a fixed temperature of 4.0, while t40—t25
varies the temperature from 4.0 to 2.5. The t40—t12 schedule linearly decreases the
temperature from 4.0 to 1.2, while t40— greedy decreases it from 4.0 to 0.05. Each

schedule runs 4096 trials per circuit for each of the target and inverse tableaus.
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For each instance, we report the time at which any temperature schedule first
finds an optimal circuit during the search over the full benchmark suite. The search
ran on a single NVIDIA A100 80 GB GPU using the native CUDA rollout backend.
These timings describe this implementation and hardware, and do not establish a

controlled speed comparison with earlier methods.
C.4.2  Larger-width generalisation

At larger qubit counts, decoding uses the no-loop safeguard and a limit of
6n? actions per trajectory. This is an evaluation budget, rather than a worst-case
synthesis guarantee. The learned policy is evaluated on 100 uniform targets at each
qubit count. For 21-30 qubits, the Qiskit means over all targets, shown as solid

curves in Figure 36, come from earlier evaluations on 200 targets.
C.4.3  Architecture-ablation evaluation

The architecture ablation uses deterministic decoding with the no-loop safeguard.
The evaluation was configured to sample 32 additional trajectories, but the filter
re-ranked all actions at every step. These trajectories therefore reproduced the
deterministic result and did not change the selected circuit.

The ordinary Transformer result is reproduced from the published table. Archived

per-run summaries are available for the other four architectures, but not for this row.

C.5 SUPPLEMENTARY CNOT RESULTS

The following tables supplement Section 6.9 with the published comparison
against known optima, transfer results at every evaluated qubit count, and compar-

isons on uniformly sampled targets.
C.5.1  Comparison with known optima

Table 11 reproduces the small-instance comparison from [4]. The main chapter
includes later baseline evaluations, so some baseline values differ. The learned-policy
and optimal counts are unchanged. Gap is the learned mean minus the optimal

mean.

n  Optimum Learned Gap AlphaCNOT AECM GGE PMH
4 5.35 5.35 0.00 5.32 6.61 7.94 6.98

5 7.70 7.71 +0.01 8.16 10.58 12.34  11.07
6 10.81 11.10 +0.29 11.10 15.34 17.49  16.40
7 13.50 14.23 +0.73 15.41 21.08 23.40  22.62

Table 11: Complete mean CNOT counts on 100 length-n? random-walk targets in the certified-
optimum range [4]. AlphaCNOT uses different samples from the same target distribution.

C.5.2  Transfer across qubit counts

Table 12 compares the 20-qubit policy with the checkpoint trained up to each

target width, where available, and with elimination baselines. Transferred denotes
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the 20-qubit policy, Specialist the checkpoint for that qubit count, and A the

transferred policy’s mean CNOT count minus the specialist’s.

n Transferred Specialist A GGE PMH GE

8 19.83 18.42 +1.41 2521 2756 35.44
10 28.79 27.76 +1.03 3847 41.73  53.80
12 39.44 37.90 +1.54 53.88 60.22  76.87
14 51.95 50.95 +1.00 71.20 81.19 104.88
16 65.68 65.28 +0.40 90.17 104.36 135.26
18 80.98 80.86 +0.12 111.39 128.61 168.77
20 97.78 97.78 0.00 135.36 159.21 209.05
25 150.63 - - 201.51 241.94 325.54
30 221.12 - - 278.89 334.34 463.59

Table 12: Complete mean CNOT counts on 100 length-n? random-walk targets in the scalable range
[4]. GE denotes plain Gaussian elimination.

C.5.3  Uniform-target evaluation

Table 13 gives the results underlying Figure 35, including the comparison with
checkpoints trained at each width. These targets are sampled uniformly from

GL(n,F,), testing generalisation beyond the finite random walks used in training.

n  Transferred Specialist A GGE PMH GE

8 20.07 18.54 +1.53 2512 2727 34.93
10 29.61 28.08 +1.53 38.44 4238  54.47
12 39.71 38.33 +1.38 53.25 60.38  78.12
14 52.38 50.99 +1.39 7151 80.84 103.80
16 65.98 65.37 +0.61  90.58 105.59 135.69
18 80.63 80.41 +0.22 111.49 129.14 168.47
20 98.19 98.19 0.00 134.90 158.95 208.67
25 151.06 - - 201.46 242.50 323.90
30 221.75 - - 280.90 334.31 462.37

Table 13: Mean CNOT counts on 100 uniformly sampled GL(n,F,) targets. The transferred policy
was trained up to 20 qubits, and A is its mean CNOT count minus that of the corresponding specialist.
The learned policies successfully synthesise every target.

C.6 SUPPLEMENTARY CLIFFORD RESULTS

This section supplements Section 6.10 with the complete finite-random-walk
comparisons and results across a broader range of target difficulties.
C.6.1  Finite-random-walk comparisons

Table 14 compares the RelTransformer with known optima and the Qiskit base-
lines. Gap is the learned mean CZ count minus the optimal mean, and A—G denotes

Aaronson—Gottesman synthesis.
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n  Optimum Learned Gap Qiskit greedy A-G

4 3.03 3.05 +0.02 3.48 6.78
5 5.07 5.13 +0.06 6.30 11.65
6 7.47 7.73 +0.26 10.48 20.24

Table 14: Mean CZ counts on 100 length-n? random-walk targets with known optimal CZ counts,
certified by meet-in-the-middle search [4].

Table 15 gives the transfer results at every evaluated width, extending the four
widths discussed in Section 6.10.1.

Learned Gap Qiskit greedy A-G

n
7 10.65 —5.68 16.33 29.13
8 13.86 —8.79 22.65 39.05
12 32.57 —23.21 55.78 102.27
16 62.39 —44.38 106.77 194.42
20 106.46 —65.37 171.83 318.85
24 166.45 —83.56 250.01 465.78
30 296.71 —100.73 397.44 747.56

Table 15: Mean CZ counts on 100 length-n? random-walk targets at larger qubit counts, where exact
optima are unavailable [4]. Gap is the learned policy’s mean CZ count minus that of Qiskit greedy.

C.6.2 Generalisation across target difficulties

The RelGNN experiment evaluates 100 held-out targets for each n=7,...,30
and d € {16,32,64,128,256,512,1024, cc}. For finite d, targets are generated by
applying d uniformly sampled Clifford generators to the identity. For d = oo, targets
are sampled uniformly from Sp(2n,F,), the limiting distribution established in
Theorem 55. The learned policy and both Qiskit baselines use the same 100 finite-
difficulty targets. The uniform-target sample sizes and trajectory limit are given in
Section C.4.2.

Among the evaluated checkpoints, the one trained on ten qubits generally gives
the lowest mean CZ count on successfully solved targets at finite difficulties. At 30
qubits and difficulty 1024, it solves all 100 targets with a mean of 323.3 CZ gates,
compared with 447.5 for Qiskit greedy and 783.4 for Aaronson—-Gottesman [3]. For
uniformly sampled targets, however, its solve rate falls from 99% at 24 qubits to 59%
at 30 qubits. Comparing mean gate counts on identical instances therefore requires

restricting the baselines to the targets solved by the learned policy.
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